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PREFACE 


The diversity m the adopted values of the elements and 
constants of astronomy is productive of inconvenience to all 
who are engaged in investigations based upon these quanti 
ties, and injurious to the precision and symmetry of much of 
our astronomical work If any cases exist in which uniform 
and consistent values of all these quantities are embodied in 
an extended series of astronomical results, whether in the 
form of ephemerides or results of observations, they are the 
exception rather than the lule The longei this diversity 
continues the greater the difficulties which astronomers of 
the future will meet in utilizing the work of our time 

On taking charge of the work of preparing the American 
Ephemeris in 1877 the writer was so strongly impressed with 
the inconvenience arising from this source that he deemed it 
advisable to devote all the force which he could spare to the 
work of deriving impioved values of the fundamental elements 
and embodying them in new tables of the celestial motions 
It was expected that the work could all be done in ten years 
But a number of circumstauces, not necessary to describe at 
present, prevented the fulfillment of this hope Only now is 
the work complete so far as regards the fundamental constants 
and the elements of the planets fiom Mercury to Jupiter inclu 
sive The construction of tables of the four inner planets is 
now in progress, those of Jupiter and Saturn having already 
been completed by Mr Hill All these tables will be pub 
lished as soon as possible, and the investigations on which 
they are based are intended, so far as it is practicable to con 
dense them, to appear in subsequent volumes of the Astro 
nomical Papers of the American Ephemeris As it will take 
several years to bring out these volumes, it has been deemed 
ad’v isable to publish in advance the present brief summary of 
the work 



IV 


PREFACE. 


The author feels that critical examination of this monograph 
may show in many points a want of consistency and conti- 
nuity. The ground covered is so extensive, the material so 
diverse as well as voluminous, and the relations to be investi- 
gated so numerous, that no conclusion could be reached on 
one point which was not liable to be modified by subsequent 
decisions upon other points. The author trusts that the diffi- 
culties growing out of these features of the work, as well as 
those incident to the administration of an office not especially 
organized for the work, will afiford a sufficient apology for any 
defects that may be noticed. 

Nautical Almanac Office, . 

Z 7 . Naml Observatory^ January 7 , 1895 , 
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ELEMENTS AND CONSTANTS 


OUAPTEE 1 

GENERAL OUTLINE OF THE WORK OF COMPARING THE 
OBSERVATIONS WITH THEORY 

1 111 logical oidei, the fiist step m the work consists in the 
reduction ot observed positions of the Sun and planets to a 
uniform equinox and system of declinations 

The adopted standard of Eight Ascensions was that oriRi 
nally woiked out m my papei on the Eight Ascensions of the 
fundamental stais, found in an .ippendix to the Washngton 
OhbtrvatiOHs /oi 1870, and extended to a fundamental system 
of time stais m the latalogue published in Vol 1 of the Astro 
nomical Papers of the American Ephemens This system 
coincides closely with that of the Astronomsche Oesellsohajt 
and the Berliner Jahrbuch, about the epoch 1870, but the con 
tennial proper motion is gi eater by ibout O" OH 

In Decimations, the adopted standard w,is that of Boss, 
which has been used m the American Ephemeris since 1881, 
and on which is based the catalogue of zodiacal stars just 
referred to But as Declinations generally are not inimodiately 
referred to fundamental stais, the method ol ledming obsor 
vations to this system in Dei Imation was not oiitiiely uniform 

Observations usid 

2 The following is a geneial statement of the observations 
used, and the extent to which they were conected, oi lero 
duced 

Greenwich — Dr Auwi' RS courteously supplied me with the 
lesults of his re reduction of Beadli y’h observations both of 
the Sun and planets From the beginning of Maskylbne’s 
work until 1835, the Greenwich observations wore completely 
re reduced, utilizing, so far as possible, Airy’s reductions The 
6690 N ALM 1 1 
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data necessary for these observations were discussed in Prof. 
Safford’s paper, Vol. n, pt. ii, which paper was prepared 
for this purpose. In the case of the Greenwich observations 
from 1835 onward, it was deemed sufficieht to apply constant 
corrections to the Eight Ascensions, determined from time to 
time by comparisons of the adoiited Eight Ascensions with 
the standard ones. In the case of the Declinations, Boss’s 
special tables were used, but in the later years it was judged 
sufficient to apply the constant correction necessary for reduc- 
tion to Boss’s standard. 

Falermo, — PiAzzi’s observations of the Sun and Planets were 
completely re-reduced, the zero point of his instrument being 
determined from the observed Declinations. 

Faris. — LeYerrier’s reduction of the Paris observations 
from 1801 onward was made use of, applying the correction 
necessary to reduce the results toiiie ^So^ted 

Konigsherg, — Bessel’s clock corrections were in3iVi3!^^^ 
corrected by the new positions of the fuhdamental stars, so 
that practically the Eight Ascensions may be considered as 
completely re-reduced. 

In the case of the other observatorie^s, it was deemed suffi- 
cient to determine, by a comparison of the adopted or of the 
concluded Eight Ascensions and Declinations of the funda- 
mental stars with the standard catalogue, what common cor- 
rections were necessary for reduction to the standard. When, 
however, the period was covered by Boss’s tables, the correc- 
tion Vhich he gives as varying with the Declination was ap- 
plied. After more mature consideration, I am inclined to think 
it would have been better to apply a constant correction to the 
Declinations in every case, except those where the change 
with the Declination was quite large. 

Although these processes were somewhat heterogeneous, it 
is believed that the main object of referring the Declinations 
to a system of which the error would be a uniformly varying 
quantity was fairly well attained. The subsequent determi- 
nation of this error both m Eight Ascension and Declination 
is a necessary part of the work. 



OBSERVATIONS USED 


3 




The following is a list of the observatories whose obseiva 
tions of the Sun and Planets were included in the ork 


Greenwich 

Palermo __ 

Pans « 

Konigsberg 

Doipat „„ „ 

Cambridge 

Berlin 

Oxford, Radcliffe .. 

Pulko\Na _ _ 

Washington 

Leiden _ _ __ 

Strassburg 

Cape of Good Hope 


1750-1892 

1791-1813 

__ , 1801-1889 
___ 1814-1845 

_ _ 1823-1838 

1828-1844 

__ 1838-1842 

__ 1840-1887 

1842-1875 

1846-1891 

1863-1871 

1884-1887 

1884-1890 


Th6 iminbcr of tlie meridiaii observations of tbe Sun, and 
of the planets Mercury, Yenus, and Mais, actually included in 
the work is apiiroximately as follows 


The Sun — 4 °, 176 

Mercury S> 42 i 

Venus — — 12,319 

Mais — — 4,114 


Total 


62, 030 


8einid%ameters of Mercury and Venus 
3 The reduction of the semidiameter of the planets was a 
point to which special attention was given In the case of 
Meicury, the adopted semidiameter at distance unity was 3" 34 
The values adopted by the vaiious observatoiies in inducing 
their observations varied so little from this that in cases where 
the original reductions were accepted no correction was applied 
foi the difterence So, also, when the observers applied a cor 
rection for reducing the observed center of light to the actual 
( enter of the planet, no revision of this reduction was made 
Such was supposed to be the case with the Pans observations 
When the published Eight Ascension was that of the center 
of light simply, a reduction to the tiue center was computed 
by the empirical formula used in the Washington observations 
If we put ^ for the angle between the Earth and Sun as seen 
from the planet, then 1 + cos i will represent the fraction of 
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diameter of the planet that is illu- 
minated by the Sun. it was assumed that when the illumina- 

.e“re™t“‘r <.(.l.ecre«=e„. JrZZ 

era, the point observed would be two-thirds of the way from 

the center of the planet to the hmb, and that when the planet 

twelfths of the way from the center to the hmb. These con 
ihuZated ^batwhen the planet was fully 

Correction = semidiameter x «) (5-f cos ?) 

12 

This correction was to he multiplied by the sine or cosine of 
reLTe^it to R2h?A laade Ayith. the meridian to 

•FnoT.+K 11 ® practically the same whenever the 

IS posstole to embody it in a table of two arguments one 
depending on the longitude of the Earth, the other on that of 
e planet. Actually, however, the table was arranged in a 

Which Mercury last passed perihelion, and the other, its mean 

assum^'e^a n^T'^lV'' ^tich this correction may 

assume, a partial transcript of the table actually employed tor 

the reduction in Right Ascension is given on tL ne*t 

ead horizontally, the numbers show the corrections of tL' 

through „ue revolution of the planet VeXt 

8dL“‘*^ ‘*'0 “““Sive oonections oori 

loefthrorehTr ’Tf™ 

goes through a complete revolution The tahm »c 
ntea extender, to every too, hut Ce' vJlt nix’s 
mean anomaly will sufiSce to <3how ^ ^ 

the correction " magnitude of 

The correction to the Declination was embodied in a similar 
table which It IS not deemed necessary to print at preseJ 

upon a value ot the semidiameter, or a law of its apparent 
auge, w ich should apply to all parts of the orbit. After a 
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careful examination of the data, it vas decided to i educe all 
the obseivations with the '^emidiametei 


8'' 75 

A 


+ 0 '^ 20 


when made with modern instruments, and to use a value O'' 3 
greater m earliei obsei\ations The actual i eductions of all 


Correction J^or defective illumination of Me} car y m E A 
Arguments Date of perthehon pas'^age at side^ and mean 

anomaly at top 


? = 

0° 

60° 

0 

0 

180° 

240° 

300° 

360° 


s 

s 

s 

s 

s 

s 

s 

Jan 0 _ 

+ *9 

— 16 

— 07 

— 03 

— 01 

00 

+ 03 

10.. 

16 

— 18 

— 09 

- 04 

— 01 

00 

02 

20 

14 

— 21 

— II 

— OS 

— 02 

00 

02 

30 

12 

— 19 

— lo 

— 06 

— 03 

00 

4- 01 

Feb 9 

10 

— 17 

— 15 

— 08 

— 04 

— 01 

00 

19.- 

08 


- 18 

— 10 

— OS 

— 01 

00 

Mar I 

06 

+ 16 

— 21 

— 12 

— 06 

— 02 

00 

11 __ 

05 

16 

— 24 

15 

~ 08 

~~ 03 

00 

21 . 

04 

15 

— 26 

- 18 

— 10 

— 04 

00 

31- 

03 

14 

— 

— 20 

— 12 

— 06 

— 01 

Apr 10 . 

02 

12 

+ 23 

— 22 

“ IS 

— 07 

— 01 

20 .. 

02 

10 

20 


— i8 

— 09 

— 01 

30- 

4- 01 

08 

18 

+ 24 

— ■ 21 

— II 

— 02 

1 

1 

0 

00 

06 

IS 

22 

— 17 

— 13 

— 03 

20 _ 

00 

05 

12 

20 

— 12 

— 16 

— 04 

30- 

00 

04 

10 

17 


— 18 

— 05 

June 9 

00 

03 

09 

14 

H- i8 

— 20 

— 06 

19. 

00 

02 

07 

12 

16 

— 20 

— 07 

29. 

•— 01 

01 

OS 

09 

IS 

— 20 

- 09 

July 9 

... 01 

or 

04 

07 

13 


-r- II 

19- 

— 01 

4- 01 

03 

OS 

II 

+ 16 

— 12 

29- 

— 02 

00 

02 

04 

09 

16 

— 14 

Aug 8 

— 03 

00 

01 

03 

07 

16 


i8„ 

— 04 

00 

01 

03 

06 

14 

— i8 

28. 

05 

00 

“4 01 

02 

05 

13 



Sept 7 

— 06 

00 

00 

02 

04 

II 


17- 

— 07 

— 01 

00 

+ 01 

02 

09 


27 

— 09 

— 01 

00 

00 

02 

07 

4 “ 20 

Oct 7 „ 

— II 

— 02 

00 

00 

4- 01 

OS 

18 

17- 

— 12 

— 02 

00 

00 

00 

04 

16 

27 

— 14 

~ 03 

— 01 

00 

00 

03 

13 

No^ 6. 

— 16 

— 04 

_ 01 

00 

00 

02 

II 

16. 

— i8 

— 06 

- 01 

00 

00 

4- 01 

09 

26 _ 



— 08 

— 02 

00 

00 

00 

07 

Dec 6. 

— 

— 10 

- 03 

— 01 

00 

00 

06 

16. 



— 12 

- 05 

— 01 

— 01 

00 

OS 

26 _ 

4- 20 

- 15 

— 06 

— 02 

— 01 

00 

04 

Jan 5 

4- 18 

— 17 

— 08 

— 03 

— 01 

00 

+ 03 



b GENEEAX OUTLINE. [4 

the principal series of observations were corrected to this value 
of the element in question. 

Observations of the estimated center of Venus, when made 
more than one hundred days from superior conjunction, were 
rejected altogether; when made within that limit, the point 
observed was assumed to be the center of gravity of the illu- 
minated portion of the disk, considered as a plane figure, and 
the necessary reduction to the center was always applied. 

similar correction was applied to observations of the esti- 
mated center of Mars. The Paris results, after 1830, and the 
later Greenwich and Washington results, are published with 
the reduction for center of light already applied; and in these 
cases the published corrections were not changed. 

Tabular places. 

4. The tabular elements of the planets adopted for correc- 
tion were those of Leveeeiee’s tables. These tables having 
been continuously used in Astronomical Ephemerides since 
1864, it was judged more convenient to adopt the theory on 
which they were based as the provisional one to be corrected 
thanit was to construct anew provisional theory. As the tables 
in their original form are extremely cumbrous to use, the 
theory was partially reconstructed by making manuscript 
tables of the principal perturbations, which were, however, 
carried only to tenths of seconds. With these tables the 
places of the planets were computed for dates previous to 1864. 

A^ places of the Sun were necessary not only for direct com- 
parison with observations of the Sun, but also for the geocen- 
tric places of the planets, an ephemeris of the Sun’s longitude 
and radius vector was prepared for the entire period 1760-1864 
to every fifth day, the lunar perturbation being omitted and 
afil^rward applied for each date when required. 

The method of deriving the final tabular places varied with 
circumstances. When there was no accurate ephemeris avail- 
able for comparison, which was the case before 1830, it was 
necessary to compute a completely ind^endent Set of tabular 
geocentric places. Sometimes these places were computed for 
the moment of the mdividual observations, but more generally 
when the observations occurred in groups, an ephemeris was 
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computed in order that the -work might be checked by differ 
eiices Alter 1830 it was common to compute an ephemeris 
for intervals of three, five, or ten days, thus deriving the cor 
rections necessary to i educe the published ephemerides of the 
BetlmcT JoliThuch oi of the Nauticdl A-hnciitcic to those derived 
from Leverrier’s tables 

Until this plan was mapped out, and woik well in progress 
upon it, it was not noticed that the planetar j masses adopted in 
Leterrier’s tables were so diverse that corrections to reduce 
the geoceiitiio places to a uiiilorm system of masses would be 
necessaiy Although theoretically the necessary reductions 
were very simple, I can not but feel that the application of 
such corrections involves more or less doubt and uncertainty, 
and that it would have been better to have constructed pro 
visional tables based on uniform masses quite independent of 
those of LeveRRIER 

In Aimalcs de V Ohso vatoire de Pans, Vol ii, Leverrier 
gives the following values ot the masses used by him as the 
basis of his provisional theoiy 


Meiciiry 

X 

3 000 000 

= 000 000 333 

Yenus 

1 

401847 

= 000 002 4885 

Eaxtli 

1 

354036 

= 000 002 8174 

Mars 



The following table shows the factors by which these masses 
weio multiplied in the cases of the several planets in Lever 
R iER’s final tables Thev were controlled by induction from 
the numbers of the tables themselves, the result of which was 
found m all cases to agree with the statements in themtroduc 
tion to the tables 

In th(‘ 1 ist line of the table is shown the factor used in the 
present provisional theory 
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Mercury 

Venus 

Earth. 

Mars. 

In tables of — 

The Sun 

I 

I. 004 

I 


0. 89s 

Mercury 

I 

I 

1 . 0026 

I 

Venus 

I 

l 

Mars 

0 . 975 

I 

Piesent work 

i 

0. 8657 



As in the actual work the masses of Mercury and Venus 
were to be determined from the observed periodic perturba- 
tions which they produced, it was necessary that the perturba- 
tions produced by them should all be carefully reduced to the 
adopted standard. The reduction was less necessary in the 
case of Mars, but was carried through all the work relating to 
the Sun. 

Oomparison of observations and tables. 


5. The result of each separate observation of each body was 
compared with the tabular result thus derived. The residuals 
were then taken and divided into groups. The interval 
between the extreme dates of each group was always taken 
so short that it could be presumed that the mean of all the 
residuals would be the correction for the mean of all the dates. 
The general rule was that the interval should not exceed four 
or five days in the case of Mercury, or six or eight days in 
that of Venus, and that not more than six or eight observa- 
tions should be included in a single group. In taking these 
means, weights were assigned to the results of each observa- 
tory founded on the discordance of its residuals. Then to each 
mean a weight was again assigned equal to the sum of the 
weights of the individual residuals when these were few in 
number, but not allowed to exceed a certain limit, how great 
S<fe"fcf i^ight be the sum of the individual weights. 


Equations of condition. 


6. Each mean result thus derived formed the absolute term 
of an equation of condition for correcting the tabular elements. 
The number of these equations was as follows: 


The Sun 
Mercury 

Venus 

Mars 


Equations. 
. 11,676 

- 929 

- 4 , S49 

- i»597 
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In forming the equations of condition from observations of 
the planets, I adoptiHl the system suggested in the introduc 
tion to Vol I of these publuations, namely, the determination 
of the solar elements not only from observations of the Sun 
itself, but tiom obsei vations of each of the planets The leason 
loi this couise IS quite simple and obvious An observation of 
the position of a planet as seen liom the Eaith is the exact 
e(ptn<ilent at an obsei vation of the Eaitli as seen tioin a 
])lanet, <ind thus depends equally upon the elements ot both 
01 lilts llciKO, whatevei elements of the Bai th’s orbit could 
be deterniinod by obsei v.itions made from a planet can equally 
be determined by observations made upon the planet A 
strong reason for proceeding upon this plan was found in the 
very largq errors, both accidental and systematic, to which 
observations of the Sun <n i liable 
Tlu advaiit<ig('H, howevei, hue not pioved lehituely so 
gieat as were antn ipated The ec< entiicity and peiihehoii of 
the* Earth’s orbit come out in the solution of the normal equa 
tions as functions of those of the planetary orbit to so great an 
extent that their weight is much less than that which would 
correspond to indopoiideiit detoiniinations from the same num 
her of observations On the othei li.iiid, the determination 
of these elements from observations of the yuu proved to be 
miu h more consistent than was expected, thus indicating a 
high degice of piocision 

The < ase is difleient with the Sun’s mean longitude referred 
to the Stars Here systematic and piisonal errois enter so 
largely that the results iioin Miiiuiy uid Venus appear to be 
rather null e iidialile th.in those from the fcluu itself In the 
lase of these plaiuds it foitunately happens that the weight of 
theiesiiU. deiived foi the Bun’s mean longitude is not mate 
iiully diminished by tbe uncertainty of the con espondiiig 
element of the planet, the ei tots of the two mean longitudes 
being nearly sepiiiated lu ii seiios of obsei vations equally dis 
tiihnted uionnd tbe mbit 

’I'he sv sti nmf i< eiims in obsei \ utions of the Bun rendered 
it umuhisahleto ileteimnie the elements of the Earth’s orbit 
hom obsei vations of the Hun by a single systmii of eipiations 
The solai observations, thmefmo, were dassitled according to 
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the observatory where made, and divided into periods rarely 
exceeding eight years in length. The elements are separately 
derived from the observations of each period. This system has 
the advantage of eliminating to a large extent the injurious 
effect of systematic and personal error upon the eccentricity 
and perihelion of the Earth’s orbit, and also enabling us to 
judge of the precision of the corrections to those elements by 
J16 dis<ior dance amoiig“ separate results. 

Meridian observations of the Sun and Planets are referred 
to the fundamental stars, while the Eight Ascensions of the 
latter are referred to the equinox, the position of which has 
heretofore depended on observacions of the Sun. The adopted 
position of the fundamental stars therefore comes in, to a cer- 
tain qxtent, as the basis of the work, and the constant parts 

of their systematic corrections are among the results to be 
derived. 


Thus, in the case of the equations pertaining to the three 

planets, the following corrections were introduced as unknown 
quantities : 

Correction of the mass of Mercury or of Venus. 
observe?^°°^ ^ elements of the orbit of the planet 

Correction of the obliquity of the ecliptic. 

Wtions to the adopted Eight Ascensions and 

In the cae of correction 

of the ratio of the radius vector of the planet to that of the 
Earth was also included in the equations, although little doubt 
ooj^ ^elt that the true value of such a quaLty must be 
W fpi# reason for introducing it will be explained here- 


Determinations of the masses and secular mriathns. 

7 . The secular variation of all the preceding elements, the 
mean distances excepted, was also introduced into the equa- 
tions from observations of the planets. In addition to the 
above elements, the mass of Venus appeared in the equations 
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derived from observations of the Sun, Mercury, and Mars, and 
the mass of Mercuiy m tbe equations derived from obsei 
vations of Venus The coefficients of the masses, however, 
depended wholly upon the periodic perturbations 

Were it quite certain that the seculai variations arise 
wholly from the masses of the known planets, the masses 
could of course be derived from these vaiiations, and the lat 
ter would appear in the equations of condition only thiough 
the mass itself On this hypothesis the secular variations 
would not appear in the equations, but only the masses But 
it IS well known that the peiihehon of Mercury is subject to a 
secular variation which can not be accounted for by any ad 
missible masses of the knqwn disturbing planets The same 
thing may Well be true of the secular variations of the other 
elements It is therefore necessary, in the absence of a known 
cause for such deviations, to deiive the masses of the planets 
independently of the secular variations In the case of Mars 
the mass is obtained with all necessary precision from the sat 
ellites It IS, howe\ er, different in the case of Mercury and 
Venus Here no resource is left us but to determine them 
from the periodic inequalities As the inequality produced by 
Venus in the Barth’s longitude is rarely moie than eight sec 
onds, it might seem that the coefficient would be too small to 
obtain a sufficiently piecise value of the mass But in the 
case ot observations upon the Sun, Mercury, and Mars the 
error of the determination of the mass in question may be 
almost indefinitely leduced by multiplication and extension 
of the observations without danger of systematic error 

To illubtiate this, let us suppose the Sun’s longitude to be 


deteimined with a meridian instrument only once a year, say 
at equal intervals of thiee hundred and sixty five days Let 
the longitudes thus observed be compared with an ephemeris 
in which the elements are affected with only slight errors 
Leaving out of consideration the periodic perturbations pro 
duced by the planets, the comparison of the observed longi 
tudes with the tabular ones through an entire century should 
be nearly constant Any error affecting all the longitudes 
alike would appear as a constant The errors of mean motion 
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would vary uniformly with the time. Thus the other elements 
would be nearly constant^ and could be still more approxi- 
mately represented by a slight apparent secular variation. 

ISTow let the disturbing action of a planet, say Venus, be in- 
troduced. We should then have a series of deviations from the 
law of uniform increase, which would enable us to evaluate 
the mass of the planet. The value of this mass thus derived 
would not be affected by any systematic error common to all 
the observations, nor even by such an error which varied uni- 
formly with the time. Kor would small errors in the adopted 
elements of the Sun have any effect upon the result. 

If this would be the case for observations made* only at a 
certain point of the orbit, a fortiori would it be the case for 
the observations made at various points of the orbit, since any 
tendency to a systematic effect of the errors of observation 
would thereby be ultimately eliminated. 

Considerations almost identical apply to the case of observa- 
tions upon either of the planets when we consider the action 
of the other planet upon the planet observed and upon the 
earth. But they do not apply to the case of the action of the 
earth itself upon the observed planet, or moe 'cersa. For ex- 
ample, in the case of observations of Venus, we may suppose 
that all observations made when Venus is at a certain point 
of its relative orbit, near inferior conjunction, say one month 
before inferior conjunction, are affected with a certain error 
common to all observations made at that point of the orbit. 
Binee the perturbations produced by the third planet will in 
the long run have poSiltve and negative, for these 

several observations, the systematic error in question will not 
affect the ultimate value of its mass. But the perturbations 
of Venus produced by the Earth, as well as those of the Earth 
produced by Venus, will not have all values in such a case, but 
only special ones dependent on the relative position. Hence, 
determinations of these masses might be affected by errors of 
the kind in question. We conclude, therefore, that the mass 
of the Earth can not be satisfactorily determined by the peri- 
odic perturbations which it produces in the motion of any 
planet, nor that of Venus by observations on Venus through 
its periodic perturbations of the Earth. 



gj transits or VENUS AND MERCURY 

In the bolntion of the equations ot condition the method of 
least squares has been used throughout, the arrangement of 
the work, the onoice of quantities to be corrected, and the 
accuracy of the coefticients being so chosen as to minimi/e the 
great mechanical labor of making the necessary multiphca 
tions The adoption ot this method was necessary m order to 
separate, so far as possible, the various unknown quantities 
and show to what extent their values were iiitei dependent 
By no other method of combination could so large a uuinbei 
of unknown quantities ha\e been separately deteimmed in a 
way which would have been at all satisfactory On the other 
hand, in combining the final results and deciding upon the 
values of the corrections to be adopted, the method has not 
always been applied, for reasons which will be developed in 
Chapter IV 

Introduction of results of ohseiuations on transits of Venus and 

Mercury 

8 In the case of Mercury and Venus the observed transits 
over the Sun give relations between the collections to the 
elements more accurate than those ordinarily derivable from 
meridian observations This is especially the case with Venus 
The value of these observations is gieatly increased by the 
fact that they are made when the planet is near inferior con 
lunction, and therefore nearest to the Earth, and in a point of 
the relative orbit where meridian observations are necessarily 
most uncertain In the case of Venus the eiroi of the hcho 
centric place will he moie than doubled m the case of the geo 
centric place during i transit As, however, the obseivation 
of a transit gives no one element, but only an equation of con 
dition between the values of all the elements at the epoch, the 
only way of treating it is to introduce the result as such an 
equation, with its appropriate weight The deternunation of 
the proper weight is a difficult matter The systematic errors 
of meridian observations are such that the theoretical value 
of the weights assignable to so great a mass as we have dis 
cussed would be entirely illusory In tact so great is the 
V eight assignable to the observed transits ot Venus that if 
we should regard the results of each transit as a condition to 
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be absolutely satisfied we should not be dangerously in error. 

I conclude, therefore, that there is more danger of assigning 
too small than too great a weight to these observations. 

In order to determine what change was produced in the re- 
sults by the use of the observed transits over the sun’s disk, 
two separate solutions of the eq^uations of condition for Mer- 
cury and Yenus were made. In the one, termed solution A, 
the meridian observations alone were used; in tlie other, 
termed solution B, the combined equations* formed by adding 
the normal equations derived from the transits to those given 
by the meridian observations were used. 

In the case of solution A it was originally supposed that by 
using the mean epoch of all the observing in the case of each 
planet as that from which the time was to be reckoned, the 
normal equations for the secular variations would be almost 
completely separated from those for the corrections to the 
elements themselves. The separation would be complete wdre 
the observations at different epochs similarly distributed 
around the orbit. But, as a matter of fact, it was found that 
the accidental deviations from this symmetry were so consider- 
able that the separation could not be regarded as complete. 
The solution was therefore made by successive approximations, 
the terms depending on the secular variations being in the 
first approximation dropped from the normal equations for the 
corrections to the elements, and afterwards included when 
approximately determined, and vice versa. 

In thb ease Of solution B, in which the transits were included, 
such a separation dii and the equations were solved 

in the usual rigorous way for all the unknown quantities. 



CHAPTER II 


DISCUSSION AND RESULTS OF OBSERVATIONS OF THE 

SUN 

Treatment of the Eight Ascensions 

9 The inendian obseivatious of the Sun have been treated 
on a system dififeient in some points from that adopted in the 
case of the planets It was possible to simplify the treatment 
by supposing that the small latitude of the Sun was always a 
definitely known quantity, so that when the observations were 
corrected for it the apparent motion of the Sun couhl be sup 
posed to take place along the great circle of the ecliptic This 
allowed the coirection of the elements to depend on but two 
quantities— the obliquity of the ecliptic and the Sun’s true 
longitude Assuming the obliquity to be known, the longi 
tude of the Sun could always be determined fiom an obseiva 
tion of Its Right Ascension An obser\ed Right Ascension 
bemg compared with a tabular one, the residual gives rise to 
an equation of condition between the correction of the long 
itude, A, of the obliquity, s, and of the Right Ascension of the 
Sun, a 

da = cos s sec® Sdk — i tan s sin 2ade 

This equation may be used to express the error of the longi 
tude in terms of the error of the obliquity and of the Right 
Ascension as follows 

dA = sec e cos® dSa + J tan e slh 2Xds 
= sec s cos® dda + 0 21 sin 2Xds 

The elements mainly to be determined from the observations 
in Right Ascension being the eccentricity and perihelion of 
the Earth’s orbit, each of the coefficients of which go through 
a period in a year, the effect of the small term 0 21 d6 sin 2A 
whose coefficient does not amount to 0" 10 after 1800, and has 
a period of half a year, will be practically without influence 
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on the result. The system was therefore adopted of deriving 
the residual iu longitude directly from the residual in Eight 
Ascension by the formula 


where 


6X = 

F = cos^ d sec 6. 


The residual 6X in true longitude is then to he expressed in 
terms of the residual dV' in mean longitude and of corrections 
to the eccentricity and to the longitude of the perigee relative 
to the Stars. In this expression the coefficient of the residual 
in mean longitude was always taken as unity, the value of the 
correction being so small in the case of Leverrier’s tables 
that no appreciable error would result from this supposition. 
Thus each residual in Eight Ascension would give rise to an 
equation of condition of the form^ — 

+ Ede" = dA = Fdn 

We are here to regard and as corrections to the 
Eight Ascensions relative to the clock stars, and not to the 
Sun’s longitude or perigee simply. I shall therefore use the 
symbol c instead of dV^ to express the relative correction here- 
after. 

Treatment of tJw Declinations, 

10. The declination of the Sun in the case supposed is a 
function only of the longitude and obliquity. The equation 
for esif^re^sing the observed correction m Declination in terms 
of the corrections to ttiese Wo quantities is 

z/d = sin ade cos a sin edX 

Thus each observation of the Sun’s Declination gives rise to 
an equation of condition of this form. 

It is however to be supposed that the observations in Decli- 
nation made at each observatory will be affected by a constant 
error. If the observations are truly reduced to the standard 
system of star places, this error will be that of the standard 
system. As a matter of fact, however, observations made in 
the daytime, especially on the Sun and at noon, are made 
under circumstances so different from night observations on 
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stars that wo can not assume tlie uror of the i educed declma 
tion to he luccssaril^ the same as that of the star system 
Wo must, theietoic, ui each case, legard the constant error m 
dedniatiou as something X^ecuhai to the ohsetvatory and the 
instuiment, which may oi may not he woithy ot subsequent 
discussion Thus each lesidud in declination gives use to 
in CMjuation of condition, 

+ cos a sin e6X + sin (vdf = 

Jf) being the excess of obseived over tahulai declination, 
and Jda the common eiioi ot all the measured declinations of 
any one senes 

FontmUon of the equations from Rtqht Auensiom 

11 The method of tieating the observed Uiglit Ascensions 
of the Sun \v<is sngge stcMl by thc^ i u t that they aic pec uh uly 
liahli to system iticj uid person d euois, the (oimer likely to 
clninge with the seasons, <ind to bo ditlereut for diflerent in 
struinents, and the lattei to continue through the woikot one 
obsercei It is now well understood that the obseived Eight 
Ascensions of the mean of the Sun’s two limbs relative to the 
hxed stars aie aftec tcMl by personal eriors, no me<uis of ehmi 
Bating which have yet been tned In a series ot obscivations 
made by a single observer, uudei uinfoiin conditions, this error 
would systematically afteet only tilie relative mean of the Right 
Ascensions ot the Hun and Stars, leaving the eccentricity and 
peiigee deuvecl fiom the observations substantially cot rect 

On taking up the woik it wms dso supposed that, owing to 
the different etfec t of the Hun’s lays upon the mstrument at 
different seasons, and the dideieut circ umstancos under which 
observations weie made, the Bight Ascensions of the Sun 
would be lUlected by errors vaiying m a regular way thiough 
the year, but not wholly exiiressible as a term of vsingle annual 
period# It was therefore deemed best to c onsider the observa 
tions possibly affected b> an eiroi ot double x>eiiod, having the 
toim 

y cos 2q + f sin 2g 


6690 N Al.M 2 



18 


OBSEEVi-TIONS OP THE SEN. 


[11 


The introduction of the coefftcients x' and y' added two more 
terms to the equations of condition, which terms, however, did 
not express any astronomical fact, but only the possible errors 
of the observations. 

An additional and very important element to be determined 
from the observed Eight Ascensions was the mass of Venus. 
The question now arose whether, by a uniform series of obser- 
vations, extending through some definite period, the correc- 
tions to the eccentricity and perigee and the coefficients x' and 
y' could be completely separated from the coefficients of the 
correction to the mass of V enus. Examination showed that 
from such a series of observations, extending through eight 
years, the mass of Venus could be determined irrespective of 
all systematic errors repeating themselves with the season, 
provided that the observations were equally distributed 
throughout the year, or even that an equal number *wef^ made 
at the same time through successive years. As neifhhr* 6f 
these conditions are practically fulfilled it was judged best to 
assume in the beginning that the systematic errors of an un- 
known kind repeated themselves at each season during an 
eight-year period, and that they could be expressed iu the 
form 

c + x cos p -f y sin </ -(- a?' cos 2g + y' sin 2g 

X and y would appear as errors of eccentricity and perigee 
which could not be eliminated. 

The quantities actually introduced as the unknown ones of 
the equations of condition were as follows: 

jj.', the factor of correction of the mass of V enus ; 

X, one- fifth the correction to the eccentricity; 
y, one-fifth the correction e''67t"-, 
x',y‘, one-tenth the coefficients expressing the supposed 
error of double period arising from all causes whatever; 

c, the constant correction to the Eight A scension of the 
Sun relative to the Stars. 

The coefficient of e was supposed unity throughout. The 
reduction of the residual in Eight Ascension to that in Longi- 
tude and the other factors were taken from a table like the 
following, of which the argument was the day of the year. 
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Separate tables were constructed for 1802 and 1850, but they 
were so nearly identical that no distinction need be made 
between them Furthermore, the error introduced by sup 
posing the mean anomaly to have the same value on the same 
of every yeai is entirely unimportant 

Table of ooefictents for expressing errors of the Siin'^s Bight 
Ascension in tei ms of errors of the elements of the BartWs 
orbit 



da 

Tl 

dl 

da, 

Coefficients of — 

jr=o 2de 

y=zO 2661: 



Jan I _ 

I 09 

0 91 

■+" "" 1 

— 10 0 

+ 0 I 

4-10 0 

II . 

I 07 

0 93 

I 8 

9 8 

3 5 

9 4 

21 

I 04 

0 96 

3 4 

9 4 

6 5 

7 6 

31 - 

I 01 

0 98 

5 0 

8 7 

8 7 

5 0 

Feb io«_« 

0 98 

I 01 

6 4 

7 7 

9 8 

+ I 8 

20 

0 96 

I 04 

+ 76 

- 6 5 

+ 99 

16 

Mar 2 

0 94 

I 06 

8 6 

5 I 

8 7 

4 9 

I2_ 

0 92 

I 08 

9 4 

3 5 

6 6 

7 5 

22__. 

0 92 

I 08 

9 8 

I 9 

3 7 

9 3 

Apr I - 

0 93 

I 07 

lo 0 

— 01 

+ 03 

10 0 

11 

0 94 

I 05 

+ 99 

-f- I 6 

“ 3 I 

“95 

2I_> 

0 96 

I 03 

9 

3 2 

6 I 

7 9 

1 

1 

0 99 

I 01 

8 8 

4 8 

8 4 

5 4 

II 

I 02 

0 98 

7 8 

6 2 

9 7 

— 2 2 

2I__ _ 

I 05 

0 95 

6 6 

7 5 

9 9 

1 2 

31 - 

I 07 

0 93 

+ S 3 

+ 8 5 

- 8 9 

— 4 5 

June lo __ 

I 09 

0 91 

3 7 

9 3 

6 9 

7 2 

20 

I 10 

0 91 

2 I 

9 8 

4 I 

9 I 

30 

I 09 

0 91 

+ 04 

10 0 

- 0 7 

10 0 

July io_ , 

I 08 

0 93 

— 1 3 

9 9 

“1-2 7 

9 6 

20 

I 05 

0 95 

“30 

+ 95 

+ 5 8 

- 8 2 

30 

I 03 

0 07 

4 6 

8 9 

8 2 

5 7 

Aug 9 

I 00 

I 00 

6 I 

8 0 

9 6 

4. 2 7 

19 - . 

0 97 

I 03 

7 3 

6 8 

10 0 

— 0 8 

29 - 

0 95 

I os 

8 4 

5 4 

9 I 

4 I 

Sept 8 

0 93 

I 07 

— 9 2 

+ 39 

+ 72 

— 6 9 

i8 

0 92 

I 08 

9 7 

2 3 

4 5 

8 9 

28 _ - 

0 92 

I 08 

10 0 

-f 0 6 

I 2 

9 9 

Oct 8 . 

0 93 

I 07 

9 9 

— I I 

— 22 

9 7 

18 

0 95 

I 05 

9 6 

2 8 

5 4 

8 4 

28 

0 97 

I 02 

9 0 

“44 

“79 

— 6 I 

Nov 7 

I 00 

0 99 

8 I 

5 9 

9 5 

“ 3 I 

17 — 

I 03 

0 96 

7 0 

7 2 

10 0 

+ 03 

27 

I 06 

0 94 

5 6 

8 3 

9 3 

3 7 

Dec 7 

I 08 

0 92 

4 I 

9 I 

7 5 

6 6 

17 - 

I 09 

0 91 

“25 

— 0 7 

“49 

+ 8 7 

27 

I 09 

0 91 

— 08 

— 10 0 

— 16 

+ 99 
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Finally, throughout the work the equations of condition 
were expressed only in entire numbers, the decimals being 
neglected. To lessen the number of equations of condition, 
the residuals were divided into groups generally covering from 
ten to fifteen days, the length of the group being determined 
by the condition that the perturbations of Venus must not 
change much during the period. , 

While the formation and solution of the equations of condi- 
tion on this system were going on, it was found that the intro- 
duction of the assumed coefficients x’ and 2 /' was a refinement 
productive of little or no good result. In fact, the observa- 
tions of the iSun proved to be much freer from annual sources 
of error than I had supposed, as will be seen by the tables of 
their results soon to be given. This is shown by the general 
consistency of the corrections to the eccentricity and perigee 
given by the work at the same or different observatories dur- 
ing different periods. 

In marked contrast to this is the discordance anion g values 
of the correction c to the relative Eight Ascensions of the Sun 
and Stars. This quantity it is that is affected by personal 
error and possibly by the effect of the Sun on the instrument. 
Under a perfect system of discussion it would be advisable to 
determine it separately for each observer. This however was 
practically impossible. 

Solution of the equations. 

. 3 ^. For the purposes of forming and solving the normal 
equations, th^ e^h^^S^^ conation w^^^ divided into groups 
of generally from four to eight years; the exact lengths of 
which will be seen from the following exhibit of results. The 
equations for each period were solved on the supposition that 
the corrections were constant during the period. Thus every 
separate result is independent of every 'Other, except so far as 
they may depend on the same instrument or the same observer 
at different times. 

The first column shows the years through which the obser- 
vations extend. 

The second one shows to the nearest year the value of T — 
that is, the fraction of the century after 1850. 
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The third column shows the value of fx', or that factoi which, 
being multiplied by the adopted mass of V eniis, is to be applied 
as a (oriection to that mass, to obtain the value given by the 
obsei vations 

All systematic errois ansing fiom the instrument and the 
obsoi vei are so completely eliminated from the separate de 
teiminations of /i' that they may be legauled as absolutely 
independent of each othei, that is — as not iflected by any 
(ommon systematic eiroi 

We have next the relative weight assigned to feach value 
of /i', which IS determined in the usual way from the solu 
tion, and is, therefore, on a different scale for different ob 
servatories 

Next is given the value of c, or the apparent cofrection to 
the Right Ascension of the Sun, relative to the assumed Right 
Ascensions of the Stars, is gnen by obsciv itions during the 
sovei il peuods ,uid expressed in seconds of are, followed by 
the weights assigned tei the sepaiate results 

The next two columns, the eoriections to the solar eccen 
tricity and to the longitude of the perigee, require no further 
explanation 

Respecting the weights ultimately assigned to these quanti 
ties, and to o, it is to be leniarked that they are the result of 
ludgment more than of computation It is only possible to 
enumerate in a general way with some examples the consider 
.itions on which they are based 

In assigning the weight of o the nuinbei of observers en 
gaged IS an Important factoi in d<*toiiiuning it Othei factors 
are the steadiness of the <itniosphero and the adaptation of the 
instrument to this particular work (ieneral consistency is 
an niipoi taut factor in the assignment In this respect the 
Oambiidge observations are quite remarkable, it their excel 
lence corresponds to their consistency they must be the best 
ones made 

It will be seen that PiAXZi’s results aie thiown out en 
tncly The wide laiige of his values of e led to the inquiry 
whetliei inoic consistent results would be obtained by taking 
shorter periods, but it was found that the values of c varied 
from time to time m such an irregular way that Ins instrument 
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must have been affected by some extraordinary cause of error, 
unless some mistake has been made in interpreting or treating 
the observations. 

The Oxford values of c are unusually discordant. The pre- 
sumption that this discordance arises mainly from the special 
personal equation in observations of the Sun, described on 
page 17, derives additional weight from the greater relative 
consistency of the values of 6e" aild e‘'dn". I have therefore 
allowed the values of these quantities to receive a fair weight. 

The value of c for Pans, 1866-’70, lias received a much re- 
duced weight, solely on account of its excessive value. It 
seems that the work of one observer who made many observa- 
tions during this period was affected by an unusual system- 
atic error. 

Results of observations of the Sun’s Right Ascension. 

GREENWICH. 


Years 

T 


7 V 


7 V 



7 i > 

I75o-’62 

- 94 

— 027 

20 

// 

+0 33 

I 5 

It 

+0 04 

n 

— 0. 42 

2 

1765-71 

- 82 

— 041 

10 

+0 37 

0.5 

— 0. 08 

— 0 64 

I 

i 772-’78 

- 75 

— . 022 

10 

+0 74 

0.5 

— 0 16 

— 0. 49 

I 

1779-85 

- 68 

-•035 

5 

+2 89 

0. 2 

—0 18 

—0. 73 

0 5 

1786-92 

- 61 

— 037 

8 

-H* Sr 

0 2 

—0. 12 

— 0. 88 

0 

1793-97 

-•55 

—.114 

5 

+i 87 

0 2 

—0. 22 

27 

0 

i798-’02 

-.50 

4" 060 

5 

+ 1. 02 

0. 2 

— 0 42 

-I 15 

0 

1803-06 

-•45 

— . 002 

5 

+0. 27 

0 2 

—0. 03 

—1.03 

0 

1807-’ 10 

— 41 

- 068 

5 

— 0. 34 

0. 2 

-0 32 

— I. 12 

0 

i8ii-’I4 

— 37 

— 095 

3 

-3 33 

0. 2 

+0. 17 

—I 08 

0 


-•33 

—.052 

6 

— 1.99 

0.5 

—0. 12 

— 0 . 34 

0 


, V-i, 29 

+ .010 

6 

—0.51 

I 

+0 22 

—0 19 

I 


r— ‘25 

1 ‘-,P54 

6 

-^i.o8 

1 

40 05 

—0. 17 

I 

i827-’30 

21 

—.045 

6 

— 0, 42 

I 

—0. 09 

-0 75 

I 

1831-3+ 

- 17 

+ oi6 

7 

+0. 76 

1 

4 o- 04 

—0. 27 

I 

1835-38 

~ 13 

-j- 020 

8 

+ 1. 16 

I 

+0. 26 

+0.06 

2 

i839-’42 

- 09 

+ 061 

8 

+0. 84 

I 

40.32 

•fo. 10 

2 

% 3-’46 

— 05 

— 008 

8 

4-0 15 

2 

40. 25 

+0 22 

2 


— .01 

— 045 

8 

— 0 10 

2 

+0. 28 

+0. 02 

3 


+'03 

+.024 

8 

■+0* 40 

3 

+0. 22 

+0, 02 

3 

i8sS-’58 

+ 07 

— 032 

9 

+0 36 

3 

40.15 

+0 02 

3 

1859-62 

+ n 

i — 043 

9 

— 0 02 

3 

+0. 25 

+0 22 

4 

i863-’66 

+ 15 

— 016 

8 

4 * 0 . 3 X 

3 

40. 23 

—0 05 

4 

1867-70 

+ 19 

4-. 031 

8 

4*0.35 

3 

40-33 

—0 10 

4 

1871-74 

+ 23 

+ .021 

8 

+0. 12 

3 

40, 24 

+0 OS 

4 

i87S-’78 

+ 27 

— 008 

8 

— 0 12 

3 

+0, 26 

-)-o. 06 

4 

1 87 9-’ 82 

+•31 

+•017 

8 

— 0. 05 

3 

+0. 21 

+0- 14 

4 

i883-’88 

+ 36 

+. 001 

13 

— 0. 20 

3 

■fo 18 

+0. 07 

4 

1889-’ 92 

+.41 

— . 025 

8 

-0.44 

2 

-|-o 24 

+0 n 

3 
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Besults of observations of the Sun^s Eight Ascension — Ooii tinned 


PARIS 


Years 

T 


1 


u 

61^'' 



1801-07 

- 46 

— 025 

14 

// 

-1 78 

0 5 

// 

+0 08 

H 

~o 23 

I 

i8o8-’i5 

- 38 

-h 015 

17 

—0 65 

0 5 

— 0 01 

4*0 12 

I 

1816- 22 

- 31 

— 050 

H 

-fo 18 

0 5 

—0 13 

+0 32 

I 

1823-29 

— 24 

— 050 

10 

-j-o 01 

0 5 

—0 

— 0 02 

I 

1 837 -’44 

— 09 

— 034 

19 

+0 33 

I 

— 0 04 

4-0 10 

I 5 

1845-52 

+ 01 

-f 009 

15 

-[-0 10 

I 

+0 04 

-j-o 10 

I 5 

i 85 )-’S 9 

+ 06 

-f 014 

15 

-f-o 66 

I 

— 0 04 

-f 0 32 

2 

1800- 65 

+ 13 

+ 003 

10 

+0 38 

I 

-(-0 07 

4-0 26 

2 

1 866-’ 70 

+ 18 

000 

7 

+2 29 

0 3 

+0 13 

+0 40 

2 

1871-79 

-f 25 

+ 048 

II 

— 0 26 

I 

—0 06 

4*0 22 

2 

i 88 o -’89 

+ 35 

4- 002 

14 

+0 44 

I 

+0 24 

-4-0 03 

2 


PALERMO 


i 79 I -’96 

- 56 

— 079 

0 

// 

0 07 

0 

n 

0 06 

-o'ss 

0 

i 797 -’oi 

- 51 

— u6 

0 

—2 33 

0 

— 0 29 

—0 28 

0 

i8o2-’o5 

— 46 

— 001 

0 

-3 II 

0 

—0 05 

—0 76 

0 

i8o6-’i2 

— 41 

-h 243 

0 

+5 92 

0 

—I 17 

+ 1 55 

0 


CAMBRIDC E 


1 828-’ 34 

i 835 -’ 4 o 

— 21 

+ 007 

16 

— o''i3 

2 

4“0 08 

// 

4-0 12 

4 

— 12 

-- 033 

14 

—0 18 

2 

-j-o 06 

— 0 06 

4 

1832- 47 

I 850-’ 58 

— 05 

— 026 

9 

—0 21 

2 

4-0 08 

— 0 12 

4 

+ 04 

— 024 

20 

—0 IX 

2 

+0 17 

— 0 04 ^ 

4 


WASHINGTON 


1846- 52 

— 01 

— Oj8 

5 

— o'ss 

2 

4-0 20 

n 

0 00 

3 

i86i-’6s 

-h 13 

— 038 

8 

- 0 S 3 

4 

-j-o 01 

0 00 

5 

1866-43 

4. 20 

~ 004 

13 

—0 22 

4 

4-0 18 

-0 03 

6 

1874-’ 8 1 

4- 28 

- 03 o 

12 

—0 45 

4 

4-0 07 

—0 16 

5 

i882-’9I 

-t- 37 

- 002 

17 

—0 79 

4 

4-0 07 

—0 07 

5 


KONIGSBERC 


1816-23 

— 3 <=> 

-[- 002 

13 

// 

-f 0 30 

I 

// 

-fo 07 

// 

— 0 28 

3 

1824-’ 30 

“ 23 

— 006 

12 

4-0 02 

I 

—0 16 

40 II 

3 

i83I-’38 

— 15 

— 021 

15 

+0 23 

I 

— 0 12 

-fo 03 

3 

1839-45 

— 08 

— 021 

12 

-fo 77 

I 

40 08 

40 20 

3 



24 OBSERVATIONS OF THE SUN. [13 

Results of observations of the /Su7i's Right Ascension — Continued. 

OXFORD. 


Years 

T 


w 

1 

w 

ik " 


W 

i 840-’49 

— os 

— .043 

12 

n 

+2 49 

0.3 

n 

-|~o 24 

n 

— 0 17 

2 

i860-’ 68 

+ 14 

4- 042 

13 

+1.96 

0 3 

4-0 08 

—0 13 

2 

1869-70 

+ 23 

-[“•054 

15 

-j-o. 92 1 

0.3 

4-0 20 

— 0 04 

2 

1 880— ’87 

+•34 

— . 014 

9 

—0.31 

0 3 

4-0. 27 

+0.64 

2 


PULKOWA 


— 04 

+.047 

II 

!• 1 

-pi 20 1 I 

// 

— 0 12 

// 

-f 0. 20 

3 

-f. 16 

-f 002 

10 

—0. 40 1 I 

t 

+0. 05 

4-0 28 

3 


DORPAT 


1823-’ 30 
i83I-'38 


- 23 

4- 021 

9 

// 

+0- 36 

I 

// 

—0 12 

H 

~0 22 

2 

-,15 

-[-•008 

6 

+0 45 1 

1 

-fO. 02 

+0. 03 

2 


CAPE OF GOOD HOPE. 





// ^ 


n 

n 

+ 37 

— . 026 

12 

—0. 36 

1 

3 

-f 0 02 

po 01 


STRASSBURG 






! > 

// 

n 

i883-’88 

+ 36 

— . 014 

12 

-I. 65 

2 4-0. 23 I 

+0. 09 


The mass of Venus, 

13. The mean results for the mass of Venus given by the 
work at the several observatories are shown as follows: 

probable error, where given at all, is that derived from 
the discordance of the separate individual results at the par- 
ticular observatory. In some cases there are only one or two 
results; here no probable error could be assigned. 

w' is the sum of the weights of the result at each separate 
observatory, as given by the equations of condition. Were 
all the observations of equal accuracy, these would be the 
weights to be assigned to the separate results. Such not be- 
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ing the case, we choose for the actual weights certain numbers, 
founded partly on a compromise between the mean errors fol 
lowing each lesult or upon the values of partly on a judg 
ment of the accuracy of the observations 


Values of fx' fot the mass of Venus 


Greenwich _ _ 

Pans 

Konigsberg __ „ _ 

Cambridge 

Dorpat „„ _ 

Pulkowa 

Oxford _ 

Washington _ - 

Cape _ 

Strassburg . _ 





— OI5J- 006 

226 

II 

— 007 009 

146 

5 

— 0X2^ 010 

52 

3 

— 01 8 J 009 

59 

6 

+ 016 

15 

I 

+ 02s 

21 

I 

-f- 014^ 023 

49 

I 

— 018^ 009 

55 

4 

— 026 

12 

I 

— 014 

12 

I 


Using the weiglits m the last column, we have for the mean 
result 

/x= - 0118 ± 0014 

The mean error -t 0034 is that given by the discordance of 
the separate lesults of the preceding table 

OorrecUons of relative Bvght Ascensions 

14 The true values of the remaining quantities o, Se", and 
e"67t" are to be regarded as increasing unifoimly with the 
time and therefore of the form 

t + Ty 

Here T is the time, and in the treatment of these particular 
equations it is counted from 1860 m units of one century, so 
that X is the value of the correction at this mean epoch 

The quantity designated by e is the same whuh, elsewheie 
in this discussion, is represented by + «, so that 


c = dl" + 


I shall, however, tor convenience, continue to use the desigua 
tion c, or iP+T y 
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As tlie observations at Greenwich and Paris extend over 
longer periods than at any other observatories, I shall first 
solve them separately. The totality of the Greenwich obser- 
vations give for c the following normal equations and solution : 

43.4 it? + 1.65 y = + 4.". 23 
1.65 + 4.24 = - 1^'.25 

it? = + O'Ml 
y=-^ 0".34: 

Those at Pans give the equations and solution 

8.3it? + 0.04i/= + P^22 

0,04 + 0.48 = + 

= + 0^M4 

+ P'.59 

If we combine all the other results into a single set of nptmal 
equations, we have 

40.2 it? + 4.26 y = - 10''.84 
4.26 + 2.20 = - 3'^98 

0".10 
y = - 1'^62 

It will be seen that the results for y, the secular motion, are 
markedly discordant. Indeed, if we refer to the exhibit of 
results, p. 23, we shall see that the values of c are much more 
discordant than those of the other two quantities. To obtain 
a definite value, founded on all the observations of the Sun’s 
Eight Ascension, I do dot see that any better result can be 
obtained than that found from a general solution of the com- 
bined normal equations. The equations and their solution are 
as follows : 


91.9 X + 5.95 y = — 5''.39 
5.95 + 6.92 = - 4".46 


or 


= - 0^'.02 
y = - 0".63 

+ a=^ 0'^02 - 0'^63T 
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Gonections to the solar eccentricity and perigee 

15 I have already mentioned the remarkable consistency 
of the corrections to these elements given by the results at 
diflerent obser\ atones and at dilierent epochs The eccen 
tricity IS more consistent than the perigee One cause for 
this, the consideration of which will thiow some light on the 
lelative merits of the observations, is that the erioi of Eight 
Ascension depending on the Declination of the object observed 
effects the eccentiicity less than the perigee It is well known, 
from a comparison of the re&iilts, that the systematic ditter 
ences in the Eight Ascensions of diffeient star catalogues 
vaiy somewhat with the Declination Now, since the Sun’s 
Declination goes through an annual period, it follows that this 
erroi will produce a systematic effect on both the eccentricity 
and the perigee Eut the effect will be much largei m the 
case of the latter element than in the case of the foimer, 
because of the neainess of the perigee to the winter solstice, 
the difference being only some 10° oi 12° Consequently the 
extreme coefficients in the correction to the eccentricity have 
nearly the same values, with opposite signs, for the same Decli 
nations in different seasons of the year But it is different 
with the perigee The coefficient of this quantity is negative 
from October until March, when the Sun is in south Declina 
tion, attaining its maximum value about January 1, while it 
IS positive during the remaining months when the Sun’s Dech 
nation is north, attaining its maximum value about July 1 
A systematic difference in the errors of Eight Ascension will 
theiefore produce its full effect on the longitude of the perigee, 
while its effect on the eccentricity will be but slight 
In this connection, the very large negative values of the cor 
rectiou to the peiigee during the period when the old Green 
wich tiansit instrument was in use aie quite remarkable 
The progressive change in the value of c is also remarkable m 
this connection It is to be remarked that the new transit was 
mounted in 1816, but account was not taken of this fact in 
gioupiug the ecxuations lienee it is only from the year 1819 
that the results of the table are derived wholly from observa- 
tions with the new mstiument The anomaly alluded to is 
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then seen to disappear. The fact that the abnormally large 
oorrections in g are positive before 1800 and negative after it, 
while e'' dn" is abnormally negative through the doubtful 
period 1765-1815, complicates the theory of these errors. I 
have not been able to consider them in detail, but have simply 
rejected the results for de'’ and dn'' from 1786 to 1818, hav- 
ing given them a gradually diminishing weight frdm Brad- 
ley’s observations to the first epoch. 

As in the case of e, I have made a solution for Greenwich 
alone, Paris alone, the other observatories combined, and all 
combined. The results are shown as follows : 

1. Prom Greenwich observations: 

Se" e"Sjt” 

64.5£C + 2.73y = -f 11" .Xi; - 0".88 

2.73 4-5.72 = 4 - 1". 82; 4 - 2". 69 
. a; = 4 - 0"19;-0"04 
2/=+ 0".22 5+0^49 

2. Prom Paris observations : 

17.0:r+ 0.393/= -f 0'^30j + 2'^95 
0.39 + 0.99 = + 0'^29; + 0'^33 
.r= + 0'^01; 4-0'M7 

' 3 /= +0'^29; 4-0''.27 

3. The equations and results from all the other modern 
observations are — 

Se” e"d7r" 

77.0aJ4- 4.992/ = 4- 5".58; 4 - 0".35 
4.99 4-3.68 = 4 - 1".09; 4- 0".40 
a! = 4-0".06; 0".00 

3 / = 4-0".22; -f 0".05 
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4 Finally, if we combine all tbe equations, we bave — 


Se" e"87t" 

148 laH- 8 11y= + 17"02, +2'^42 
81 4- 10 3<) = + 3" 20, 4- 3" 42 

i = + 0"10, 0"00 

!/= + «"-J3, 4-0'^ 53 


In tlie case of the eccentiicity tlie general accoidance is 
quite satisfactory, and foi tlie perigee it is much better than 
in tlie case 6, tbe relative liiglit Ascension 

Results of observed deohnattons of the Sun 

16 The Sun’s absolute longitude can be found only from 
observations of bis declination, because tins longitude is 
lefeired to tbe equinox, vliicb is debned only by tbe Sun’s 
ciossing of tbe equatoi 

Tbe collections to tbe eccentricity and perigee, as just found, 
are so slight that they may be neglected m determining the 
correction of the absolute longitude from that of the declina- 
tion Thus, as already stated, the unknown quantities of tbe 
equations given by tbe declinations are the coriections of the 
mean longitude I", and of tbe obliquity s, and a constant /Id, 
peculiar to each observatory, of which we take no further 
account The equation of condition given by each observa 
tion 01 group of observations is 

/Id + A sin sdV' -f I5rt£ = dd 

where dd is the excess of the obseived over the tabular decli- 
nation, and 


A = cosec s 


dX 


= cos CX 
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The equations are grouped and solved for periods, as in the 
case of the Eight Ascensions, with the results shown in the 
following table: 


Results of observations of the Sun^s Declination, 


GREENWICH. 


Years. 

T 

61" 

w 


w 

A6 

6U 

w 

i 753 -’S 7 

— 95 

// 

+0 78 

I 

// 

— 0 - 34 

I 

// 

—2. 43 

// 

— o- 34 

I 

1 758-’ 62 

— 90 

+1 so 

I 

— I. 81 

I 

—1 94 

—1.81 

1 

1765-70 

— 82 

—0 23 

I 

-0 9S 

0 5 

-f 0 20 

—0 95 

0.5 

1771-78 

— . 75 

+0.48 

I 

—0 93 

0.5 

+1-25 

—0 93 

0 5 

i779-’8S 

— 68 

+i 23 

I 

— I 09 

0 5 

—0 99 

— 1 09 

0 5 

i 786 -’ 9 I 

— 61 

+0.48 

1 

—0 50 

0 3 

fo IS 

— 0. 50 

0-3 

1792-97 

-•55 

+ 1 . 12 

I 

—0. 70 

0. 2 

— O* 35 

— 0 70 

0 2 

1798-^03 

1804-^10 

— . 49 

+0. 41 

1 

— I 02 

0. 1 

— 0. 10 

—1.02 

0. 1 

— • 43 

-1-0. 18 

I 

—1. 41 

0. 1 

—0 84 

7-X-4I 

0. 1 

1812-16 

— 36 

—0 15 

3 

— 0-53 

3 

-fo, 48 

—0. 53 

5 

i8I7-’22 

- 3 Q 

—0 41 

3 

+0 03 

3 

4-0 40 

+0.03 

3 

1823-^28 

-.24 

+ 0 - 43 

3 

— 0 10 

3 

-|-o 08 

~o 10 

3 

1829- ’34 

— . 18 

— 0 08 

3 

+0. 21 

3 

+0 25 

-fo. 21 

3 

i 835-’40 

— 12 

— 0 12 

3 

— 0 20 

3 

+0 37 

—0 13 

3 

1 841-’ 46 

— . 6 

-f-o 21 

3 

+0 13 

3 

+0 47 

-fo. 12 

4 

1847-52 

0 

+ 0 - 2 S 

4 

0 -00 

4 

— 0 24 

—0. 15 

4 

i 8 s 3-’58 

-f-. 6 

+0 SS 

5 

-f-o. 18 

5 

— 0. 26 

— 0 05 

5 

1 859-’ 64 

4-. 12 

+0 03 

5 

-f-0 28 

5 

— 0 46 

-j-O. 12 

5 

1 865-’ 70 

+ 18 

—0 23 

5 

—0 15 

5 

+0.05 

—0 36 

5 

1 871-’ 76 

“h 24 

—0. rs 

5 

-1-0. 26 

5 

-fo. 16 

~o 16 

5 

i877-’82 

+ 30 

0 90 

5 

-|-0. 22 

5 

+0 34 

-f 0 08 

5 

1883-88 

+ 36 

— 0 27 

5 

+0 33 

5 

—0 14 

'-f-o 02 

5 

1889-92 

H- 41 

— 0 05 

3 

+0. 19 

3 

+0.13 

—o. 07 

3 


PARIS 


i 8 oo-’o 3 

-.48 

-f 0 01 

I 

— 1-93 

1 

~o. 45 
—2 02 



i 8 o 4 -’o 7 

—.44 

+0. 70 

I 

-f 0 82 

I 



i8o8~’io 

— 41 

+2 66 

1 

-f I. 60 

1 

—0 95 



1811-15 

—•37 

—0 92 

1 

— I 20 

I 

— i.i8 



1816-21 

—•31 

+0 58 

1 

-1-1.68 

I 

— 1. 42 



1822-28 

—.25 

-f-i 09 

3 

4-0 39 

3 

— 0. OI 



1837-42 

— . 10 

-fo 79 

3 

—0 15 

3 

+0.40 



i 843-’48 

4 

+ 0 - 43 

3 

—0 03 

3 

-f-o 19 
+ 1-34 
+ i 22 
-j-o. 12 



i 849-’54 

+ 1 

+ i 19 

2 

— 0. 01 

2 



1 85 5-’ 60 

+• 8 

+0 35 

3 

— 0 02 

3 



1861-66 

-f 14 

+ 1-35 

3 

0 00 

3 



1867-72 

-f . 20 

+0 31 

2 

— 0 67 

2 

+0 10 



i 873-’77 

+•25 

—0 59 

1 2 

+0 04 

2 

■f I.OI 



1 878-’ 83 

1 884— ’89 

-f 31 

— 0. 09 

2 

—0 32 

2 

+0.58 



+ •37 

~0. 80 

2 

-fo 32 

2 

-fo.78 
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Remits of odservations oj the Sun^s DechnaUon — Continued 

PALERMO 


Years 

T 


W 


w 

A6 


W 

l^Ql-OX 

1 804-’ 1 3 

— 53 

— 41 1 

// 

— I 46 
+i 70 

0 0 

// 

—0 95 

— 0 52 

— 

// 

+0 78 
+0 42 

// 

—0 95 
—0 52 

0 0 


CAMBRIDGE 


1833-38 

— 14 

— 0 21 

2 

—0 33 


+0 59 

-0 54 

1 1 

1839 ’44 

— 08 

+0 31 

2 

— 0 20 


+0 29 

— 0 41 

1 I 

1847-53 

00 

-fO 21 

2 

+0 31 


— 0 ^2 

! -j-o 10 

1 

i 8 s 4-’58 

+ 06 

—0 15 

2 

+0 34 

1 

— 0 42 

+0 13 

I 


WASHINGTON 


1 846-’ 49 

— 02 

—0 28 

4 

i86i-’66 

+ 14 

—0 II 

4 

i867-’72 

+ 20 

+0 74 

4 

i 873-’78 

+ 26 

—0 58 

4 

i 879-’84 

i885-’9i 

+ 32 

—0 31 

4 

+ 38 

— 0 02 

4 


73 


—0 47 

—0 81 

2 

—0 43 

_ _ 

-0 45 

—0 2; 

2 

39 

- 

+0 28 

—0 51 

2 

—0 32 

- 

-f-o 10 

—0 45 

2 

— 0 60 

- - 

—0 35 

— 0 72 

2 

—0 OS 

— 

— 0 20 

— 0 18 

2 


KONIGSBERG 


1815 __ 
i 820-’23 
1 824-’ 27 
i 828 -’ 3 i 

J832-’34 

1837-44 


35 






— I 07 

0 5 

— 28 

— 0 14 

2 

~o 22 

_ 

—0 59 

— 0 47 

I 

— 24 

+0 65 

2 

+0 49 



— 0 60 

+0 24 

I 

— 20 

-f-i 08 

2 

+0 09 

- - 

— 0 64 

—0 16 

I 

— 17 

—0 72 

2 

—0 15 



—I 32 

— 0 40 

I 

— 09 

— 0 66 

2 

—0 62 


— 2 24 

— 0 87 

I 


OXFORD 


i 840 -’ 4 t 

i846-’5i 

i86i~’66 

1867-72 

i873-’76 

i 88 o -’83 

i884-’87 


— 07 

+0 79 

2 

+0 42 


+0 07 

+ 0 22 

0 2 

— 01 

+0 35 

2 

I -j— 0 4^ 


+0 89 

+ 0 20 

0 2 

+ 14 

4*0 36 

2 

— 0 81 



+0 10 

— I 01 

0 2 

-f- 20 

— 0 16 

2 

—0 24 



+0 29 

—0 44 

0 2 

+ 25 

—0 38 

2 

__0 33 



+0 29 

—0 53 

0 2 

+ 32 

—0 43 

2 

-fo 12 



— 0 17 

—0 08 

0 2 

-f- 36 

— 0 24 

2 

H-o 23 

— 

— 0 19 

+0 03 

0 2 
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Results of observations of the S^m^s Declination — Continued. 

PULKOWA. 


Y ears 

T 


w 

<^5 

W 



W 



// 


// 


/f 

// 


i 842-’45 

—.06 

+0 82 

2 

—0 35 


—0 01 

—0 35 

1 

i 846-’49 

— 02 

— 0 10 

2 

— 0 48 


+0 07 

— 0 48 

I 

i86i-’6s 

+ 13 

—0 S3 

2 

—0.48 


—0 30 

—0 48 

I 

1866-70 

+.18 

+0 27 

2 

—0.31 


— 0. 38 

—0 31 

I 


DORPAT 


i823-’28 

— . 24 

+0 99 

2 

— I 26 


+0 S 9 

— I 41 

I 

i 829-’32 

—.19 

+0. 99 

2 

—0 76 


+ i 34 

—0. 91 

I 

1833-38 

— . 14 

+ 1. 00 

2 

—0 63 



+ 1-34 

—0. 78 

I 


CAPE OF GOOD HOPE. 


1 884-’ 87 

1 888-’ 90 


+ 36 

—0.51 

4 

+0 05 


-fo II 

— 0 07 2 

+•39 

— 0 84 

4 

+0.09 


+0 19 

— 0. 21 2 


STRASBURG 


1 884-’ 88 

-f 36 

—0 57 

4 

—0 05 


— 0. 77 

-fo 12 

2 

LEIDEN. 

i864-’69 

+ 17 

+0- 14 

4 

— 0 01 


+0 27 

—0 24 

2 

i87o-’76 

+•23 

— 0. 23 

4 

— 0.06 


—0 04 

—0 29 

2 


Correction to the Sun^s absolute longitude 

,17. So far as mere instrumental measurement is concerned, 
the correction d s should be determined with greater precision 
than dV‘ in the ratio 5:2, because the errors in declination 
have to be divided by the factor sin e = 0.40, in order to form 
d A^llowing for this large increase in the s.ource of error, 
the values of 6 1" are more accordant than those of d e. This 
is what we should expect. The values of the former quantity 
depend mainly upon the comparison of observations made 


17, 18] 


OBLIQUITY OP ECLIPl'IC 


33 


neax the opposite equinoxes, when the sun has the same deck 
nation, and when the season is not gieatly different Indeed, 
if the season changed exactly with the sun’s declination, all 
effects of annual change of temperature would be completely 
eliminated fiom dl", as would also in any case any constant 
eiroi which is a function simply of the Sun’s Declination It 
is theiefoie to be expected that the actual pi obable error of 
this quantity will contoim moic neaily to that determined from 
the lesidiials than in the <ase of the other 
Por these reasons the value of dV does not give use to 
much discussion The general result fiom all the obseria 
tones IS, for 6 1", when developed in the foim x + y T 

, a: = + 0" 05 
y = - 0" 07 

Ohliqniti/ of the tclqrtto 

18 The deteimination ot the oblniuity rests upon an essen 
tially diffeient basis fiom that of the absolute longitude, in 
that it depends upon actual differences of measuied Dechiia 
tions, which differences are still furthei tornpheated by the 
fact that they are necessarily made at opposite seasons A 
more detailed discussion of them is therefore necessary, and 
some modification may have to be made m the sepanite results 
as adopted The following special ciicumstances affecting the 
obseivations ire to be taken into consideration 
The ilBADLLY G-ieenwich results for 1753-’02, are deiived 
from a manuscript communicated by Dr Auwi'US, containing 
the results of his very larelul reduition of IIkadlly’s ob 
served Declinations of the Sun, which were compared with 
IIansln’s t,ibles The corrections were reduced to those of 
Levbkeilb’s tables by being computed at intervals suffi 
ciently short to permit of the i eduction being interpolated with 
all necessary precision No reduction was ipphed either on 
account of the constant eiiorot the Declinations determined 
by Dr Auwebs Inniseh, noi for reduction to the Boss system 
of standard Declinations Deuce arises the large value of AS 
given by these Dec hnations Consequently the value of is 
6690 N ALM 3 
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that given immediately by the instrument, on the system of 
reduction adopted by Dr. Auvtbrs, in which I have supposed 
that the Pulkowa refractions were used. 

From 17C5 to 1816 the Greenwich observations were made 
with the imperfect quadrant, the Declinations of which are 
subjected to an error which is not constant. The neces- 
sary corrections are derived by Saeford in YoL ii of the 
Astronomical Facers, The corrections are those necessary to 
reduce to Boss’s system, and they vary with the Declination. 
Hence the arc on which the obliquity depends is not that 
measured with the instrument itself, but that so corrected as 
to reproduce as nearly as may be the standard Decimations. 

From 1812 onward the two mural circles were used. Up to 
1830 no correction except the constant one derived by Saf- 
FORD was applied to the Declinations as measured with these 
instruments. Hence the arc of obliquity is that measured 
with the instrument itself without being corrected by the 
standard stars. 

After 1830 the Declinations were corrected by the tables for 
Greenwich given in Boss’s paper. These corrections vary 
somewhat with the Declination, and they are different also 
for different periods. Hence we have here a period during 
which the instrumental differences of Declination were cor- 
rected to reduce them to the standard star-system. 

If the standard system were subject to no further error than 
a constant one, common to all Declinations within the zodiac, 
Yhich common correction would be subject to a uniform change 
with the time, this system would doubtless be the best one to 
adopt in order to obtain the secular variation in the obliquity 
of the ecliptic. But, as a matter of fact, the standard Decli- 
nations are simply the mean results of Declinations measured 
with different instruments. It is, therefore, a question whether 
we shall get any better results by applying reductions to a 
standard system than we should get by simply taking the 
mean of the instrumental results, because the system is itself 
only a mean of such results. It is true that the standard sys- 
tem depends on more instruments than the obliquity, though 
not on better onesj but it is also to be considered that the 
reductions in the case of the Sun may be different from those 
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lu the case of the stais, owing to the very difteient conditions 
m which the obser\ ations are made 
Another troublesome point arises fioin the lefraction used 
in the 1 eductions The effect of refraction is alvays to make 
the mcasiued obliquity less than the actual one; the correc 
tion to the oblniuity on account of refraction is therefore a 
positive quantity, which is a minimum foi an observatoiy at 
the equator and increase equally tov iids each pole Some 
values of the obliquity weie derived from Bessel’s lefi actions 
of the Tahidw Reqwmontcma^ and others fiom the Pulkowa 
tables Since the secular vaiiation ot the oblniuity is more 
impoitant than the absolute value of the quantity, it is essen 
tial that the standard to which all determinations of the ob 
liquity are reduced should be as neaily as possible the same, 
and therefoi e that the same redaction should be used But in 
reductions to standaid stai xilaces ve meet vith the adcli 
tion il complication tint the diftciences m the constant of 
ieha(tion might be wholly or partially eliminated by the 
rediK tions to a standard system It would theiefoie be a dit 
ficult question how far wo should modify the values of da on 
account of the use of different tables of lefraction 
To avoid all these dithculties I have ]udged it best to make 
the obliquity depend mainly upon absolute measures, the 
reductions being made with the Pulkowa rofi actions 

Ef(cf of I'CfracUon ow the ohUqmty 
19 The detei mination of the average or most piobable effect 
on the obliquity jiroduced by using the Pulkowa lefric tions, 
instead ot those ot the TahvJa Rufiomontand^ is easily detei 
mined We divide the ecli])ti( into a numbci ot equal arcs 
thioughout the ycai, and by equations of condition express 
dideiences ol refraction in terms of differences of Declination, 
and hence differences of obliquity We thus find that at 
certain latitudes where observations were made, and where 
Bessel’s refractions were used in the leduction, the follow 
mg coiroi turns aie necessaiy to leduce the obliquity to the 
ones given by the Pulkowa iefia< tioiis 

Pulkowa, (p = 590 = - 0'^ 925 

Gu^eiiwuh, (^=510 5, == — 0^' 20 
Washington, < 7 :>== 3 So 9 j — 0''125 
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Hence I coiielutle tliat for 

Dorpat; = - 0".29 

Koiiigsberg; Je = — 0".2C 
Cambridge; Js = — 0".21 
Cape Town •, Je = — 0".12 

The corrections to the obliquity thus derived, depending 
mainly on direct instrumental measurement, and reduced to the 
Pulkowa refractions, are designated as 6's. The results for this 
quantity are given in the last column of the several tables. 

In the case of Bradley’s Greenvrich results, I have taken 
as Hr. Auwers’s results unchanged, assuming in the 
absence of any specific statement that he has used the Bul- 
towa refraction tables. 

In the case of Maskylene’s observations, 1 have, by excep- 
tion, used them as reduced to the standard star-system, 
because we have no other results at these times, and the eiior 
of his instrument is so strongly shown that it would not do to 
use the results unchanged. It will be seen, however, tluit 
small weights are assigned, and that the weights diminish 
towards the end of the ‘series. 

In the case of the Greenwich observations from 1812 to 
about 1834, no change has to be made, as the results are gen- 
erally or always purely instrumental, and Pulkowa refractions 
are used in Safford’s work. 

Prom 1835 onward I have depended mainly on certain cor- 
rected Greenwich reductions. First, for d'c, I have used the 
results given by Mr. Christie in his very valuable paper on 
the Greenwich Declinations, in M. E. A. S., Vol. XLV, where 
the Declinations from 1836 to 1879 are reduced on a uniform 
system. Hater, I have adopted the corrected lesults given in 
Appendix III to the Greenwich observations for 1887. In 
each case the result has been reduced to the Pulkowa refrac- 
tions. 

The Paris results rest on a different basis from the others, 
in that the zero point of the instrument depends wholly upon 
Levbrrier’S Declinations of the stars, and I fear it was not 
always accurately determined. Observations near the winter 
solstice are mostly referred to one set of stars ; those near the 
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summer to another set, the error of which may be systemat 
ically diflcient Certain it is that the results during the eaily 
} eais weie very discoidant The weights as given m the table 
aie those assigned a ^rior%^ without sufihcient leference to the 
discordance of the oldei results I have felt constrained to 
evade a decision as to then treatment by entirely omitting 
tlieir results m the final discussion 
In the case of some othei observatoiies it was clitficult to 
deteimine exactly what lefractions had been used in each 
special case and what reductions should be made I liave, how 
e\er, determined the collections in the best way I was able 
A precise deteimiuation of the secular change in the ob 
liquity IS of more importance for om present obiect than a 
prc ( ise determination of its amount Hence a series of obsei 
vations extending through a long period of time, and made on 
a unifoim system, has an advantage o\ei a number ol isolated 
values, ill that any constant erior with which it may be 
aftected will be eliuimated from the secular vaiiatioii Possi 
ble constant dideiences between the deteiminations of the 
various observatories at difterent epochs will vitiate the sec 
ulai variation, hut the probable amount ol this error may be 
dnmmshed by using a number of separate determinations, 
such as are presented in the preceding table In the Hreen 
wich tiansit circle we have a very uniform series, extending 
over a period of forty yeais, but giving results systematically 
difiercnt fioni othei determinations This series gives for the 
coriection to the obliquity 
Transit Circle, 1847-^91 

^ ()// 11 ()// 00 + (0^' 21 ± O'' 46) T {a) 

Here, in view of the uniformity of method and reduction, 
we may regard the mean error of the centennial variation from 
the discordance alone as a fair appioximatiou to the probable 
mean error It will be seen that I have heie included four 
yeais (1847-’50) of the Miiial Oiule lesults 
Contiiuung the Creeiiwich series backward, the question 
arises whether we can regard the results of the mural circle 
from 1812 to 1850 as comparable with those of the transit circle 
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There is certainly nothing in the table to indicate any system- 
atic difference. From the combination of the two we have — 

M. 0. andT. 0., 1812-’50: 

6^a == - 0'^08 ± 0'^05 + (+ 0'M4 ± 0^^23) T (1850) . . {b) 

Here *the mean error is naturally smaller than in the case of 
the transit circle alone, but is now more subject to possible 
systematic difference between the two instruments. 

If we now go back to Bradley, we meet with the very diffi- 
cult question, whether we should regard his results as best 
comparable with the modern G-reenwich observations, or with 
modern observations in general. If we assume that the differ- 
ence between the Greenwich and other modern results is due 
to any cause which has remained unchanged since Bradley, 
we should reach one conclusion j otherwise, we should reach 
the other. The result of combining all Greenwich observa- 
tions, with the weights as assigned, is — 


— O'Ml + 0'^50T (c) 

In this combination I have used the weak results of Maske- 
LYHE, with the small weights assigned, although they depend 
wholly upon the standard declinations of stars. In view of 
the discordance between Bradley^s twp results, this seems 
the only admissible course. 

Hext in the length of time which they include come the Paris 
observations, of which the results, with the- weights assigned, 
are — 


df = + O'^Ol - 0 '^ 36 T 

give this result in order that nothing may be omitted. 
Undue weight has probably been assigned to the earlier 
determinations; in any case the method of deriving it from 
the original observations is so objectionable that no farther 
use is made of it. A satisfactory discussion of the observa- 
tions would require a complete redetermination of the zero 
points of the instrument from fundamental stars. 
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If we omit the Greenwich, Pans, and Palermo results, and. 
combine all the others into a single set of equations ot condi 
tion, we have the equations and lesults 

9 r -f 0 2 (h/ = - 14" 37 
0 2() +1 bb = + 1" 01 

x = -0" 30 

2 / = + 0 " 59 

Heie i IS the value of d'^for 18()0, and y its centennial vaiia 
tion Transterrmg the epoch to 1850, as usual, the result is — 

d'e = - 0" 45 + 0" 50 T {d) 

No reliable mean eiror can be (omputed, owing to systematic 
errors In view of these, oiu mode ot tie itinent would be to 
toim e(|uations ot condition in which i iiossible sj^stematic 
eiroi at each obscrvatoiy vould appeal is one of the unknown 
quantities By this process we should get the same result 
for the secular variation as if we made an independent determi 
nation from the work of each observatory At most of the 
observatories the period tluoiigh which the observations are 
made, with one mstiument and on an iinchangiHl plan, is too 
short to render such a course advisable 

As a last (ombination, we shall combine the earhei Green 
wich lesults, iij) to 1810, with Palermo and with all the modern 
results except Pans, first dividing the weights of the Green 
wich results by 2 We then have the equ itions — 

10 8 1 - 1 82 2^= - 17" 12 
^ 18 + 3 47 = + 2" 99 

a? = 0" 40 

2 / ==: + 0" ()5 (e) 

Concluded ycstdts for the ohhqmty 

20 The data on w hn h these vaiious results for the obliquity 
lest show tin following noteworthy featuies 

(1) That the corie(tiou given by the modem Gieenwich 
instruments, muial and transit (ircles, is inaikedly gieater 
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thau that given by other modern observations. This may be 
most plausibly attributed to the atmospheric conditions 
within the observing room. 

(2) The minuteness of the change of the correction given 
by these instruments during nearly eighty years. To this 
circumstance is due the smallness of the centennial variation^ 
O^^oOj found from the totality of the Greenwich observations. 
A comparison of Bradley with the mean of the T. 0. results 
only would have given a change of 0''.97 in 117 years, or a 
centennial change of about 0'^80. 

The long period, uniformity of plan, and systematic devia- 
tion of the modern Greenwich observations lead me to consider 
them as forming a series distinct from all others. We have 
therefore the following two completely independent determi- 
nations of the centennial variation : 


(1) Modern Greenwich results : a/ = + ± 0'^23 

(2) All other results 4. 

To the latter no reliable mean error can be assigned. To 
judge its reliability we may compare it with the results (a), (0), 
and (d) — 

Greenwich T. 0., alone, + 0'^21 ± 

Greenwich observations in general, + 0^'.50 
Miscellaneous modern observations, + 0^'.59 

We nlay, it would seem, fairly give double weight to the 
r^ult (2), thus obtaining, as the definite result from observa- 
tions of the Sun alone: 


Correction to Leverrler^s centennial variation of the obliq- 
ui%r of the ecliptic (- 47''.594) 

+ 0'^48 ± 0''.30 

the mean error being an estimate from the general discordance 
of the data. 

For the constat part of the correction I take 


d£(1850)=-0^30 
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Summary and com;paruon of result'^ 

From wlmt precedes we have the following as the values 
le unkuov u quantities, and ot then secul u variations, as 
II by observ.itions of the Kiin alone 


Vnlue foi 

df '' = + 0 " 10 1 (>"01 

e''{67r''+a)= 0"0()-10'M)7 

61" + a= - 0 " 02 

dl" = + O'' 05 4 0" 12 
de = - 0" 30 4- 0" 15 


« = - 0" 07 


C cnt 

vii 

+ 0'^ 23 4: 0'^ 10 
+ O'' 3^ -1„ 0"12 

- 0" (>3 

- 0" <)7 *1 0" 23 
4- O'-' 48 4 0" 30 
+ 0 " 14 


> estimate of the piohable eiiois of these quantities would 
sdiilwhuh did not take .u<ouut of the systematu dif 
lies between tlu lesults ot diileient obseivatoiies We 
1 therofoie formed tlu mean outstanding lesidual (orroc 
1 given by the seveial obsei vatories, as shown in the 
>s which folloM' Originally the scale ot weights used for 
3-reenwich observations did not correspond to that foi the 
r observatories, they weie, theiefoie, divided by 2 As 
below, however, the change has bei*n made in the case 
" by multiplying all the weights of the other obsei vatories 
and, in the case of ds, by dividing the Greenwich weights 


o collection to the oblKpufy depends sohdy on d'f, hut 
comparison has also been made with the values ol Se, 
li, it will be K’lnaiked, dillei fiom tlie others in that 
lilt IS taken ol the supposed variation of the systematic 
< tion with the decimation It is noteworthy that the 
ts are somewhat more accordant when this corrin tion is 
ted and purely mstiumental errois ire iisiul loi the 
uity 

mean oriois given in the pieiedmg sumiuaiy of results 
l( livid liom the discoidanies in question, and may be 
ded as substantially loal 

use was nuule of the Fans lesults toi 31" and df for 
eason that they depend on declinations referred to star 
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places which may be affected by differences in different Eight 
Ascensions. They are, however, retained m the table to show 
the amounts of outstanding discordance. 

Outstanding mean residual corrections to quantities depending 
on the Sun^s Right Ascension. 



8e" 

e"S7t" 

2w 

Greenwich 

+ 0'^09 

- 0^^03 

54.5 

Paris 

o 

b 

1 

+ O'^.ll 

17 

Cambridge 

+ 0''.02 

O^'.OO 

16 

Washington 

- O^'.OS 

- 0^M2 

24 

Xonigsberg 

- O'^OS 

+ O^'.os 

32 

Oxford 

+ 0''.06 

+ 0^^02 

8 

Pulkowa 

. - 0".15 

+ 0^/.22 

6 

Borpat 

~ O'MO 

- 0^^03 

4 

Cape 

•— 0'M6 

- O'Ml 

4 

Strassbnrg 

Mean errors for 

+ 0'^05 

CO 

o 

b 

1 

3 

weight unity 

= ± 0'^34 

± 0".39 


Mean error of w 

± 0''.03 

i 0".03 


Mean error of y 

± O^'.IO 

± 0".12 



Outstanding mean residual corrections to quantities depending 
on the Sun^s Declination. 


Greenwich 

SI" 

- 0".06 

w 

64 

Paaris 

+ 0".46 

0 

Palermo 


0 

Cambridge 

o 

1 

8 

Washington 

+ 0",07 

24 

Koidgsberg 

- 0".20 

10 

O^ord 

+ 0'M4 

14 

Pulkowa 

+ 0".12 

8 

Dorpat 

+ 0",76 

6 

Cape 

- 0".35 

8 

Leiden 

+ 0".10 

8 

Strassbnrg 

- 0".26 

4 


€ for weight unity A 


d 8 

w 

S's 

4 - 0".31 

29.6 

+ o ": i 7 

+ 0".31 

0 


- 0".20 

0.8 

- 0".20 

+ 0".35 

4 

+ 0".14 

b 

I 

12 

- 0".29 

+ 0".31 

5.5 

0".00 

+ 0".19 

1.4 

- 0".01 

- 0".13 

4 

- 0".13 

- 0".49 

3 

b 

1 

+ 0".10 

4 

- 0".02 

+ 0".17 

2 

- 0".06 

+ ©".08 

4 

+ 0".25 

± 0".74 


± 0".60 


CHAPTER HI 


RESULTS OF OBSERVATIONS OF MERCURY, VENUS, AND 

MARS 

Elements adopted J^or co 7 section 

22 We first give an outline of the method of expiessing the 
observed collections to the Right Ascensions and Heclindtions 
of each of the planets as linear functions of the corrections to 
the tabular elements This linear function forms the first 
member of the equation of condition in its original form, and 
the observed correction forms its second member 
Let us put — 

R, the ladii vectoies of the Earth and planet, 

L, the Sun’s tiue longitude, 

J, the inclination of the orbit of the planet to a plane 
passing thiough the Sun’s center paiallel to the 
plane of the Barth’s equator, 
iT, the Right Ascension of the ascending node of the 
orbit on this plane , 

XT, the argumentof heliocentric declination of the planet 
or its angular heliocentiic distance from the node 
on the equatoi , 

O', d, the geocentric Right Ascension and Declination of 
the planet 

the obliquity of the ecliptic, 

We shall then have — 


a^f{r R L J- ]Sr U, O (a) 

For the correction to the tabulai Right Ascension aiising 
from symbolic corrections to these seven quantities, we have 
the equation — 






oo -j- 




du (h 

I dex I d(y 
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with a similar equation for the declination, formed from this by 
writing d for a. 

The relations by which these two equations are derived, as 
well as the expressions for the differential coefficients they 
contain, are given very fully in A. P., Yol. II, Part I, to which 
reference may be made. The corrections dlST and dU are not, 
however, the most convenient ones to choose. It will be found 
in the paper alluded to that they have been transformed by 
measuring the longitude in orbit of the planet and that of the 
perihelion from an arbitrary point in the orbit. As to this very 
convenient device in celestial mechanics, it is to be remarked 
that the departure point” always disapiiears from the final 
e(iuations which determine the position of the planet. We 
may, in fact, make abstraction of it by considering that its 
introduction is equivalent to the following simple linear trans- 
formations. 

We put 

w, the distance from the node to the perihelion; 
fj the true anomaly ; 

the mean anomaly. 

;r, the longitude of the perihelion; 

I, the mean longitude of the planet; 

17, its true longitude; 

these longitudes being counted from the departure point. 

Then we have the relations — 

dJJ == dw 4- d/ - cos JdK 
dw=:(^;r — cosJdN (2) 

SI = Stt + Sg 

Hence, 

S7t = STJ + cos JdlST — Sf 

df=^fsg+^de ( 3 ) 

dg de 

The elements finally adopted for correction by the equations 
of condition were — 


1. TT. e. J. N. 
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The value of the mean distance, is known with such pie 
cision that its coriection need not enter into the equations of 
condition The lattei aie foimed by substituting in (1) 


dU =( 1 — dTT + ^ de •+ ^ d/ — cos JdN 




de 


dg 


dr : 


dy , dy dr ^ 
oe+ 61 — ^ dn 
de d(f dg 




The coefficients of each equation of condition fiom the Itight 
Ascension thus become — 


Goethcient of dJ 

u Ss 
dl 
drt 

U U 


da 

d3 

da ^ da 

din - ^ dll 

doe 
de 

da d / , da d> 
dU d(j dl dq 

f I \ _ da dl 
dU\ ditj dr dg 
da df da dr 

dU de dr dc 


In the second membeis ol the cqucitioiib a is rej^arded as 
a function of the seven quantities (a), as is .ilso d, for which 
a similar equation is to be formed 
The coireefcions of the solar eccentricity, poiihelion, and 
mean longitude were also introduced by putting in (1) 


de" dn" 

dll= 1® de" -ir- Stt" 
de" ^ 


( 6 ), 


Introduction of the mcissee of' Wniis itnd Hlercvrq 

23 The coriection to the mass ot Venus was introduced 
by taking the tabular pertuibation pioduced by Venus on 
the geoceiitiic place of the iilanet at the mean date ot each 
equition as the coethcieiit ot the unknown quantity to be 
determined In computing these peiturbations logard was 
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had to the action of Yenus on the Earth as well as on the 
planet. On this system the unknown quantity finally found 
would be the factor by which the adopted mass of the planet 
must be multiplied in order to give the correction of that mass. 

It has already been remarked that the mass of a planet can 
not be determined free from systematic error by observations 
made upon the planet itself. Hence, the mass of Yenus can 
be determined only from observations of Mercury and Mars, 
und'that of Mercury only from observations of Yenus and 
Mars. But the mass of Mercury is so minute that it would be 
useless to attempt to determine it from observations either of 
the Sun or Mars. It was therefore determined solely from the 
periodic perturbations of Yenus. 

It has happened that the mass of Yenus could not be deter- 
mined in a reliable way from observations of Mars, owing to 
a defect in the theory of the latter planet, which I shall men- 
tion hereafter, and have not yet had time to correct. Practi- 
cally, therefore, the mass of Yenus is determined only from 
observations of the Sun and of Mercury, and that of Mercury 
from observations of Yenus. 

Gorrection of equinox and equator, 

24. Gould all the observations be directly referred to a 
visible equinox and equator, the corrections above enumerated 
would have been the only ones which it was necessary to 
include in the equations of condition. But, as a matter of 
fact, the observations were all referred to an assumed system 
of Eight Ascensions and Declinations of standard stars — my 
own system in Eight Ascension and Bosses in Declination. 
We must therefore introduce two additional unknowns into 
the equations, which I have represented in the following way: 

O', the common error of the adopted Eight Ascensions, 
d, the common error of Boss’s Declinations. 

The first quantity will appear only in the equations derived 
from observed Right Ascensions and the second only in the 
equations derived from Declinations, the coefficient being unity 
in each case. 
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That the value of d found m this way should be regaided 
as a correction to the Declinations of the equatorial stars v ill 
appear by the following considerations The mean heliocen 
trie orbit of a planet as projected on the celestial sphere is 
undoubtedly a great circle On the othei hand, in view of the 
systematic discord xnce always found to exist in measures ot 
absolute Declinations near the e(iuator, and of the fact that 
these absolute Declinations depend uiion assumed constants 
and laws of lefraction, which are necessarily attected with 
gieater or less unceitainty, and are otherwise subject to 
systematic eriors, instiumental or personal, of an obscure 
character, but strongly shown by a comparison ot the Decima- 
tions derived from the work of different observatories, it can 
not be assumed that these Declinations are fiee from sys 
tematic error JS^ow, m one circle ot Decimation, say the 
equator, we may expect that the erioi will be nearly constant 
around the sphere, since the cxnses of erroi wih geneially be 
nearly constant for any one Decimation This conclusion is 
confirmed by a comparison ot the best star catalogues 
Moreover, between the 2;oaiacai limits, the error in each par 
ticular case is not likely to differ very greatly from the error 
at the equator Even it the difference should be considerable 
the various values of the error of the ditfex cut Decimations 
must have a certain mean value, so that in the case of each 
particular star, dr each region of the hea\^ens, we may conceive 
the actual error to be divided into two parts— one the mean 
value in question, and the othei the deMation tiom this mean 
The latter is probably smaller th m the foimer, xnd m any 
case can not very well be detei mined fioin obseivatious of the 
planets But the condition that the planet moves on a great 
ciule of the sphere admits of the mean value being detei 
mined with great precision It should, therefore, be included 
in the equations of condition 

The value of the common eiroi of all the Eight Ascen 
sions, can obviouslv not be detex mined from the equations m 
Eight Ascension alone, liecause the only result that such 
obseivatious can give us would be the values of the Right 
Ascensions referied to sonic assumed equinox The coefficient 
of a would therefore comiilctcly disap])eai trom the equxtions 
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of coEditioR in Efight Ascension. But since the same unknown 
quantities are introduced into the equations of condition m 
Eight Ascension and in Declination, the requirement that the 
two sets of equations shall give common values of these 
quantities does away with this indetermination and enables 
determinate values to be found. In fact, this method does not 
differ in principle from that usually adopted in deriving the 
Eight Ascensions of stars from observations of the Sun. The 
latter consists in deriving the Sun’s absolute longitude from 
observations of its Declination and absolute Eight Ascensions 
of the stars by comparing them with the Sun. In the same 
way we may consider that, in observations of the planet, the 
Sun’s absolute longitude is derived from observations of Decli- 
nations of the planet, and then a comes oat from the observa- 
tions in Eight Ascension. 

I have deemed it absolutely necessary that all the equations 
of condition should be solved by the method of least squares. 
By this method alone can the results of the observations as 
regards separate values of the elements and constants be prop- 
erly brought out. But the work of constructing and solving 
a system of nine thousand equations of condition, each inyolv- 
ing twenty unknown quantities, would be extremely laborious, 
and might even require a century for its completion, if done in 
the usual way. It was therefore necessary to adopt every 
device by which the labor could be reduced"' to a minimum. 
One device was the dropping of all superfluous decimals in the 
CQ^^Ciqpts of the equations. Since the errors thus produced 
would hh purely accidental, it follows that if the sum of the 
produets obtained by multipl^ag^ the value of each unknown 
quantity by the error of its coefficient in the equation of con- 
dition is but a small fraction of the necessary probable error 
tllathe absolute term, no serious harm will result from the 
errors of the coefficients. 

Another device was the construction of tables for finding 
the coefficients. Such tables relating to Mercury and Yenus 
are found in Yol. II, Part I, of the Astronomical Papers, 
These tables are, however, only given for one mean anomaly in 
each case, and therefore require computations dependent on 
the value of the other anomaly. They were therefore extended 
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to tables of double entry, so that the value of the derivatives 
of the geocentric Right Ascension or Declination at any epoch 
could be taken from the tables at sight The arguments were 
the mean anomaly of the planet and the day of the year at 
which the planet last passed through its perihelion 

Iitlrodvction oj the ‘secular lartaHons 

25 When the equations of condition are formed on the plan 
just set forth, the unknown quantities will be the collections 
to the elements or to the mean longitude at the date of each 
equation But every one of the unknown quantities which 
have been enumerated, the correction of the masses excepted,. 
IS subject to a secular variation Hence, instead of the 
unknown quantities heretofore defined, we introduce two 
others, the one the value of this unknown at some assumed 
mean epoch, whuh, foi reasons already set forth, must first 
be determined fiom the observations, the other the secular 
variation in a unit of time The unknown quantities which 
have been enumerated make twelve foi each equation of con 
dition Isleven of these aie subiect to a secular variation, so 
that if the secular variations weie introduced into the original 
equations of condition they would each have twenty three 
unknov n quantities 

The following device was employed to reduce to a minimum 
the work oi intioducing and determining the secular variations 
of the various elements 

Firstly, the whole time covered by the observations was 
divided into periods, never exceeding ten years, except when 
the observations were vciy few in number, or entitled to but 
small weight It was then assumed that no error would arise 
fiom supposing the value of the unknown quantity to be the 
same throughout the period as it was at the mid epoch of the 
period The maximum absolute error thus arising would be 
the secular variation during half the length of the period, and 
the moan error the seculai vaiiatmn during one fourth of the 
period, but actually the effect of even this error would be 
<ilmost entirely nullified by the combination of positive and 
negativi (oefhcieuts throughout each period 
5690 N ALM 4 
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Let US now put 

30 ^ . • • 

the corrections to the elements at any epoch j r. 


Let 


a 30+1) y + cs! + 


= n 


be an equation of condition between these quantities at this 
epoch. Lrom a system of such equations^ extending through a 
period numbered % during which oo^ y^ etc.^ may be considered 
as constant, we derive normal equations of the form 


[aa]^ 30 + [ab], + • • • = 

[ahlx+[bl)ly+ . . . 


which I shall call partial normal equations, and which we 
might solve so as to obtain the values of Xy y, etc. This solu- 
tion is not, however, necessary. The values of the unknown 
quantities being really of the general form— 


x = Xo + x' t ^ (2) 

y ^ Vo + y' 

we may imagine these values substituted in the normal equa- 
tions (1), the value of t for the mean epoch of the period 
being substituted for t. 

US now suppose that we introduce the quantities Xq^ 2 / 0 , . . y 
a?', y', . . into the original equations of condition, using for t 
the value r^, which pertains to the mean epoch of the period. 
Our equation of condition will thus become — 

+^ 2 ^ 0 + • • + + • • = ^ ( 3 ) 

If from a system of conditional equations of this form we 
form the normal equations for all the unknown quantities, the 
results will be these: 


Partial normal equation in x^^) 

[mlx^ + labl 2/0 + . • + r,[aalx' + -f . . - [an], ( 4 ) 
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Partial noimal equation m ^ 

r, [aal Xo + r, [ah]^ yo + + r/ [aa], x' + r ^ [ab],y’ 

+ = r, [an]i (5) 

We conclude that the xiai'tial normal equations, when the full 
number of unknown quantities is included, may be derived 
from those of the foim (1) by the following rules 

(1) Each partial normal equation in Xqj is formed 

from that in y^ etc , by adjoining to the first membei of the 
equation the member itself multiplied by r and then changing 
^7 Vi and, in the products by r, changing 

Xy y, into x'j 3 /', 

(2) The partial normal equation in x^ ^ is formed 

from the partial equation in ^To, 3 / 0 , by multiplying all 

the terms throughout by the factor r 

The final 01 complete normal equations in all the unknown 
quantities being foimed by the addition of the partial normals, 
the formulae for the coelficients are as follow 


For the final equation in 


\aa] 

= [aa]i + [aa\% + 

+ 



[ah] 

= [a&]i+ [ah}i + 

+ 

[a&]„ 


[aa]' 

= [aa]i + Ti [aa]i + 

+ r„ 

[OM]n 

(6) 

[an] 

— + [wjj + 

+ 

[an],. 


For the final equation in x' 




[aa]" 

= [«a]i + [aa]2 + 

+ T„' 

* [««]„ 


[ah]" 

= [ab\i + r/ + 


* [a6J„ 

(7) 

[an]" 

= Ti [an]i + ti [an]i + 

+ 

[any. 



The final equations for all the unknown quantities will then 
be of the form 


[aa\ Xo + 3/0 + 4 - [aay + = [an] 

[aay kq 4 - [ah]' yo 4- + [aa]" x' 4- = [an]" 
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The epoch from which we count the time, r, is arbitrary. 
An obvious advantage will be gained in counting it from the 
mid- epoch of all the observations. Then we shall have, by 
putting W5], lOi, etc., for the sum of the weights for the different 
periods : 

10^71 + ^0^T^+ . . . = 0 ( 9 ) 

If the observations are then equally distributed around the 
orbits of the planet and of the Barth it may be expected that 
the coefficients 

[m]', [ah]' .... (10) 

will all nearly or quite vanish. Practically we may expect that 
as observations are continued through successive revolutions 
the ratios of these to the other coefficients will approach zero 
as a limit. We may then divide the normal equations into two 
sdts, one containing the quantities aso, 2/o, etc., and the other 
x', y', etc. The coefficients (10) being small, the two sets of 
normals will be nearly independent, and we may omit the 
terms (10) in the first approximation, and introduce them in 
one or two successive approximations so far as necessary. 

The unit of time is also arbitrary. A certain advantage in 
symmetry will be gained by so choosing it that the mean value 
of T* shall not differ greatly from unity. It was found that 
years was a sufficiently near approximation to be 

Ikites dnd; wHghfs tmd' periods. 

28. As want of space makes impracticable the present publi- 
of ^6 great mass of material worked up, the following 
have been selected as those most likely to be use- 
jffiigiBg asud mrihrasing the work. We give three tables 
showing the division of the dntes of observation into periods^ 
and the weights for each period. The first column of each 
table contains the number df designation of the period as 
ffittird in the manuscript books. The second contains ’the 
mfsan year of the period. The third column shows the time 
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Of this mean period from the imd epoch of the observations 
which IS taken as follows ^ 

rorMerciuy, 1865 0 
Venus, 1863 0 
Mars, 186<) 0 

The next column contains the sum ot the weights of the 
equations in each iieiiod, as used in toiming the normal equa 
turns Tliese were not, however, the weights actually used 
in multiplying the coethcieiits of the equations of condition 
Owing to the diversity iii the quality of the observations at 
different times it was not found convenient to reduce the 
equations at once to a uniform system of weights, and so dif 
ferent units of weight weie selected foi the ohki obseivations 
and foi the eailiei obsei rations After the piitial noimal 
equitioiis weie lornud the\ weie multiplied by the factor F, 
iiecessaiy to leducc Ihein to i standard in which the unit of 
weight should coiiespond to the mean erior 

= JL 1"0 


The sums of the weights leduced by those factors are shown 
in the table 

In arranging the weights aud selecting the factors it should 
be loniaiked that a liberal allowance was made at each step 
for probable constant errors, which lesults in the given 
weights being much smallei than they would h.ivc been by 
the theoretical treatmmit ot the oiigiiial obseivations Not 
withstanding this dlowanco the linal lesult seems to show 
that itvas still insulhcient, and that the actual weights of 
the results are less than would follow eyen from the final ones 
as given 

The partial noimal equations foi each period attei being 
multiplied by the factois h\ aii^ added to form the final normal 
ccpi itions as deiiyed (roni meiidian observations 
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Weights^ epochs j and periods of partial normal equations, 

MERCURY. 


Period 

Right Ascension. 

Decimation. 

Mean 

year 

r 

(units of 25;^ ) 

Wt. 

F 

Mean 

year. 

T 

(units of 25 jF.) 

Wt. 

F 

I 

1766. 60 

—3. 9360 

3 4 


1765.50 

—3. 9S00 

0. 2 

4 

2 

1784 22 

“3 2312 

18 8 


1782 QQ 

—3. 2804 

4.9 

i 

3 

1799.81 

— 2. 6076 

26. 1 

i 







3 i 





1796 42 

—2. 7432 

5.0 

4 

3 f 2 





1802 37 

—2. 5052 

39 9 

A 

4 

1809 S3 

— 2. 2188 

18 9 

i 

1809. 18 

— 2. 2328 

52-8 

A 

5 





1824. 83 

— I. 6068 

74. I 

A 

e, 

1818. 79 

— I. 8484 

0 Q 





Sa 

1825. *80 

— I 5680 

34-5 

i 






6 

1835.56 

—I. 1776 

75.0 






6i 


1833. 84 

— I. 2464 

75*3 

A 

63 





1838 26 

— 1.0696 

141-5 


7 

1843- 74 

— 0. 8504 

: 988 


1843 97 

— 0. 8412 

281.5 

i 

8 

1855.90 

—0. 3640 

83.3 

i 

1855-92 

—0. 3632 

201. 5 

1 

9 i 

1863 10 

— 0 oy 6 o 

99.8 

4 

1862. 79 

— 0. 0884 

i%- 5 

i 

9 a 

1867. 12 

-f 0 0848 

186. 0 

4 

1867 18 

+0. 0872 

294. 5 

i 

lOi 

1872. 62 

-f 0. 3048 

129. 8 

4 

1872. 64 

4-0. 3056 

214. 0 

i 

102 

1877 12 

+0 4848 

129 8 

4 

1877 05 

4-0. 4820 

204 s 

i 

III 

1882. 24 

-fo. 6896 

108 2 

4 

T882. 17 

4-0 6868 

171-5 

i 

112 

1886. 29 

-fo. 8516 

199 8 

4 

1886. 29 

4-0. 8516 

338 0 

i 

113 

1889 82 

4-0. 9928 

109-5 

4 

1 1889. 70 

4-0. 9880 

176, 0 

1 

i 


VENUS 


1 

1755-83 

— 4. 2868 

II -3 

4 

1759 

69 

^4 

1324 

7 - 

0 

i 


17^7-92 

—3- 8032 

19-7 

4 

1770. 

18 

—3 

7128 

10. 

0 

i 



^ 3 i- 2776 

3*7 

4 

1793 - 

25 

— 2 

7900 

13 * 

5 

i 




. i'^-v 3 , 

4 

1806. 

73 

— 2. 

2508 

65 

5 

i 

' 5 


— ^2. ^' 1 .^ 4 ' ' 

., 23 ’:. 3 ' 

-4 

181.5. 

59 

— I. 

8064 

67 ^ 

5 

4 

6 

18^0:31 

, — 12 L lOfi ' 

ii ^6; 


i 

751 

— I. 

5700 

197 

0 

I 

7 

1816.88 

— I. 844^ ‘ 

42.7 

4 

, iSaJS. 

©2 

— I. 

0792 

762. 

0 

I 

8 

1825-55 

— 1.4980 

141' 0 

4 ' 

1844. 

08^ 

— lOi 

7568 1 

650. 

0 

I 


11835.31 

— 1.1076 

339^3 

4 

1854. 

24 


^3504 


0 

r 


l^i;S 43 . 9 S 

— 0 7608 

259- 3 i 

4 

1861. 

43 

—0. 

0628 

749 - 

0 

I 



.•^- 379 ^ 

205 . 3 

4 

1868. 

06 

4-0 

2024 

815 

0 

I 



: !' * , — Q, 0560 

353 - 7 . 

4 

1875. 

32 

+0 

4928 

692. 

0 

1 

. 13 

[ 186R 12 ' 

1 ^4^o<. 2048 

466. 0 

4 

1883 

15 

4-0. 

8060 

819. 

0 

I 

I ;4 

4 S 75 ^ 3 ^ 


!» 9-5 

■ 4 

1888. 

56 

+1. 

. 0224 

801, 

0 

I 

15 

^ 1^3. 09 

4-0. 8036 5 

- 5 J 4 ' 5 " 

4 








* ^ 16 

i 888 v 67 

4- i -' o ^^68'' 

'§■$ 0 - 5 , 

, 4 









li, - 


:l , 

1 
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Weights j epochs^ and periods of partial normal equations 

MARS 


Period 

Right Ascension 

Decimation 

Mean 

year 

r 

(units of 25 V ) 

Wt 

F 

Mean 

year 

r 

(units of 25 1 ) 

Wt 

F 

I 

1757 43 

—3 9428 

25 3 


1758 82 

— j SS72 

8 8 

i 

2 

1770 ss 

—3 4180 

II 0 


1773 79 

—3 2S84 

8 8 

i 

3 

1787 82 

—2 7272 

10 0 


1794 48 

— 2 4608 

13 0 

i 

4 

1799 77 

— 2 2492 

20 7 


1804 91 

-2 0436 

47 0 

i 

5 

I8II 32 

— I 7872 

14 7 


1813 00 

— I 7200 

30 5 


6 

1829 17 

— 1 0732 

60 0 

i 

1828 04 

— I 1184 

93 0 

1 

7 

7837 39 

^0 7444 

121 0 

i 

1837 18 

— 0 7528 

371 0 

I 

8 

1845 39 

— 0 4244 

70 3 


1844 95 

—0 4420 

255 0 

I 

9 

1853 36 

— 0 1056 

90 0 


1853 02 

— 0 1192 

245 0 

I 

10 

1861 07 

-j-0 2028 

H4 0 


i860 94 

-j-O 1976 

306 0 

1 

II 

1869 20 

+0 5280 

124 0 

k 

I 868 80 

-\-o 5120 

197 0 

I 

12 

1877 71 

4-0 8684 

132 0 

4 

1877 38 

^552 

257 0 

I 

13 

188^ 27 

-fl 0908 

91 0 

4 

1883 26 

4 1 0904 

160 0 

r 

14 

1888 85 

1 I 3140 

IIS 5 

4 

1888 48 

1 

-l-i 2992 

167 0 

I 



_ 

_ 


1 
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UnTcnown quantities of the equations 

27 For convenience m solving the equations of condition 
the coefficients of the cquaitions were multiplied by such 
numOrieal factors as would reduce then general mean abso 
lute value to numbers of approximately the same order of 
magnitude Hence, the unknown quantities themselves are 
not the corrections to the elements, but these eoriections 
divided by the adopted factors 
In the case of Mercury the absolute tcim was also multi 
plied by 10, so that eflectivoly the factors in question were 
reduced to one tenth part of their value The unknown 
quantities of the equations are represented by the symbols 
of the elements to which they relate inclosed in brackets 
For convenience of reference the following table is given, 
showing the factors used in the ( ase of each planet In the 
case of Mercury the column [a) shows thefactois by which the 
diheiential coefficients were actually multiplied, (&) the factor 
by which the unknown (quantity, as finally found, must be 
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multiplied to obtain the correction as expressed in the last 
column. In the case of Yenus and Mars these factors are the 
same. 


Factors dy which the unknown quantities are to he multiplied to 
obtain corrections of the elements. 


Symbol of 
unknown 

Mercury 

{a) 

Factor for — 
Venus 

(^) 

Mars 

Corr of 
element. 

[ m ] 

1 

0.1 

7 

0.3 

dm : mo 

f 1 ] 

40 

4 

5 

2 

dl 

[ J] 

30 

3 

6 

2.5 

dJ 

[N J 

30 

3 

7 

2.5 

sin J dN 

1 « ] 

30 

3 

3 

10-^7 

6 6 

f » ] 

100 

10 

439 

1004-7 
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The secular variation of ea<^ in 25 years is 

expressed sometimes by a suffixed 1, sometime^, J)y an ^cent, 

•' = [i]i = change of [Z] in 25 years. 

2« It ^tobe use^ to give the values of the principal 
^^mente pi^eacl of fte' normal equations. They are found 
iK ,fli© ,i^ql|owlg tol^le. ‘#'i^ the other coefficients all zero 
veuld fndrcate the weights of the different 
quantife ^ resulting- ffioin the solution. Several 
bf , them, were greatly diminished by the process of solution. 
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Talms of the pnn<yipal d%agonal eoefficienU in the not mat 

equations 


Symbol of 
coefiicient 

Mercury 

Venus 

Mars 

Fiom mei 
observa 
tioiis 

Fiom 
ti insits 

Sum 

Fiom mer 
obseiva 
tions 

From 

tiaiisits 

Sum 

From 

mer 

observa 

tions 

[ fnm ] 

[ JJ j 
c NN 1 

« ! 

TT TT * 

! ee ’ 

' irf Iff 
' a ] 

■ (U^ 

II Y 

[ 7 

NN y 
[ ee y 

TTTC ' ' 

*' y 

" f 

'j^flff V 
aa ' ^ 

; y 

5488 

10559 

15222 

14176 

19015 

8621 

1 1001 
9757 

9099 

5242 

13041 

13230 

24657 

7014 

12366 

1 1035 
15437 

* 6745 
8488 
8409 

S439 

5432 

11629 

11400 

18716 

0 

11308 

1296 

2304 

5076 

S352 

196 

508 

261 

0 

542 

0 

0 

67155 

9383 

16682 

29647 

49318 

1418 

2937 

1513 

0 

3126 

0 

0 

5488 

21867 

16518 

16480 

24091 

16973 

III97 

10265 

9360 

5242 

13583 

13230 

24657 

74169 

21749 

27717 

45084 

56063 

9906 

11346 

9952 

5432 

H 755 

11400 

18716 

5868 

5981 

132^2 

17951 

5686 

5290 

1 1429 
9586 
5836 

U031 

335 

15196 

6005 

98 j 7 

14724 

5743 

4948 

8458 

9805 

5242 

10677 

297 

XO772 

2920 

3540 

7444 

1636 

3350 

1732 

3598 

665 

1895 

2349 

0 

0 

8983 

13014 

2874 

8610 

4483 

6306 

1682 

4805 

5667 

0 

0 

8797 

9521 
20676 
19587 
9036 
7022 
15027 
1025 1 

7731 

1^380 

335 

15196 

14988 

22851 

17598 

14353 

9431 

14764 

11487 

10047 

16344 

297 

10772 

17887 

20924 

28783 

32478 

20119 

20564 

31460 

15909 

14911 

15427 

25138 

53975 

26689 

23440 

29494 

24364 

27131 

25675 

22947 

17356 

20655 

33624 

42405 


Non -riu coefficients f.n Mercury and Venus in tins table are given as they 
w ere used m the solution, aftei dropping the units from all the terms of the 
equations, except those from transits of Meiciiiy 


Otdet oj thmmnfton 

-i9 lu (loAltng with so oxteusivo a systoin of iiokuown 
<iu<mtities it IS impracticable to investigate the dependence of 
each upon all the others It is therefoie essinti >1 to arrange 
the unknowns m an order partly that ot inter dcptMideiue and 
partly that of the liability of each to subsequent ilnnge by 
distussion and adjustment Hence, the mass of the planet, 
Men uiy or Venus, should be hrst eliminated, ,is being that 
unknown which is least .illectcd by changes iii the hnal valuesS 
of the othei unknowns The secular variations, as derived 
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from meridian observations, are nearly independent of the 
corrections to the other elements. The solar elements are to 
be subsequently determined by a combination of the results 
of the observations of the Sun and of the three planets. 

G-nided by these considerations, the order of elimination 
was, with some exceptions, as follows : 

1. The mass of the disturbing planet. 

2. The five elements of the observed planet. 

3. The four elements of the Earth’s orbit. 

4. The corrections to the star-positions for the mid-epoch. 

5. The secular variations of the eleven quantities (2), (3), 
and (4), taken in the same order. 


Treatment of meridian oUermtions of Mercury, 

30. In the case of Mercury the factors of the coefficients of 
the equations were chosen large enough to admit of the deci- 
mals being dropped from the products without prejudice to 
the accuracy of the final result. This was done to facilitate 
the formation of the normal equations. For the *same reason 
the factors were made so small that the absolute numerical 
jaiues of the coefficients should generally not exceed 13. As 
this degr^ of precision is far short of that usually employed 

fo^r^^ ® elements of a planet, it may be well to set 
forth the considerations on which it is based. 

Let any equation of condition as actually used be— 

Ej e , etc., so that the true equation should be— 

, .1 , ^ -f (6 + f') 31 + . . _ _ ^ 

qa may be written in the form— 



[ * ^uation, in which the error 

me®^ber is increased by the quantity— 

- ± i . 
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and the only effect upon the precision ot the results will be 
that arising from this increased piobible error Let us esti 
mate its magnitude From an examination of the tables used 
111 finding the coeftcients I lufei that the probable eiior of the 
coefficient of n was =t 1, and that ot all the other coefficients 
-toe The mean value of the unknown quantities was geuei 
ally a small fraction of a second We conclude, theiefore, 
that the probable or mean value ot the eiioi 

-t ei ^ (y \ 

would in any case bo only a small fra< tioii of a second Moie 
over, these errors would be purely accidental and not system 
atic, since the intervals of time between the equations were 
geneially so long that the coefficients for different equations 
came from different tables, so that no error from omitted deci 
m ils in any one equation would cntei into the other cipiations 

Now, in view of the necessaiy systematic eirors which affect 
obsci vations of the planets, there is no hope of approximating 
to tins degree of accuracy in the second members of the oqna 
tions Were the observations rigorously correct and the 
values of the unknown quantities finally determined affected 
by no error except that arising in this way, they would bo 
many times more accurate than wo can hope to make them 
The errors might, in fact, be considered unimportant in the 
present st<ite of astronomy 

It has aheady been lemarked that tile scale of weights was 
so taken that the unit of weight should (oiiospond approx 
imately to a supposed moan eiroi 1 1" 0 in the value of each 
absolute term of an oquitiou of (ondition, so fai as the erroi 
could be detoi mined from the discordance of the original 
observations The corresponding probable error would be 
± 0" G6 In the case of Mercury, however, modihcations wore 
made which prevents this moan eiioi from i oirosponding to 
the unit of weight which would bo found from the solutions in 
the usu<il way In the first idoi e, the absolute members were 
all multiplied by 10, m othei woids, the decim.il point was 
dnqipod fiom tenths of soi'ouds, and no further account taken 
of it Soiondly, in < onseqiiom e of the piobiible oiroi in the 
coefficients of the normal equations arising tiom the imiierfcH 
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tions of the decimals, the final values of these coefficients 
would he subject to probable errors ranging between 50 and 
100 units. In consequence there would be no advantage in 
retaining the last figure in the normal equations, and it vras 
dropped in all the subsequent solution and discussion of these 
equations. 

In dropping the last figure from the absolute term of the 
normal equations we may consider that we are merely drop- 
ping the tenths of seconds and that the units are once more 
expressed in seconds. Thus, considering only the effect of 
this operation, the unit of weight would correspond to a mean 
eiror of i 1.0 in units of the absolute term. But in dropping 
oft the last figure from the coefacients we practically reduce 
the scale of weights, considered as multipliers of the equa- 
-tions, to one-tenth of their former value. On the other hand, 
in expressing the unknown quantities in terms of the correc- 
tions to the elements, we divide the multipliers by ten, so that 
■effectively we multiplied the coefficients in the equations of 
■condition, considering the unknown quantities to be defined 
as on page 56, by 10. Since these coefficients are of the second 
■degree in the normal equations, it follows that the scale of 
weights has in effect been increased ten fold. Hence the unit 
-of weight for the normal equations between the unknown 
■quantities as finaUy solved will correspond to the mean error 


ei = 1.0 X -/lO = ± 3.1 

' ,^* ^9 4^>i :fW is, at ,best a rather indefinite quantity in a 
;fase like the present, w^ day cpnffi^' if® value as 4 units and 
even then as by no means itgorptisly determined. 

^ no attempt has bqen made to 

^mK|^^ously the weights of the unknown quantities from 
i«ft.. bi«^^sq in the cases of most of the unkowns such 
He»^^^|,yi]fusory. The fact is that in solving 
y Ve must expect systematic 

^ors ,tp yitia^ in^l^^pr^e The observations of 

erc^y, Ascension, are not made on 

, ,?p^sti»es, t^e limb is ob, served, sometimes 

iaT>i>areiit^(|^Bter py the ppjiter pf light. 
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30, 31] 

An ideally perfect system of i eduction would lequiie ns to 
reduce each sepaiate observation w ith a semidiametei cone 
spending to the peisonal equation of the obseiver This being 
entiiely iinpiacticable, we must legaid the leductioii of the 
obseicei’s seiuidiameter to that used in the leductions as a 
probable error In fact, howevei, it vill be of i systematic 
charactei, vaijing at each point of the lelativ^e oibit ot 
Mercmy, and going tluough a cyde of changes impossible to 
deteimine in a synodic period ot the planet It is iinpi icti 
cable to give cceii a full discussion of these eirois, wo shell, 
however, meet with a proof of then magnitude 

introduetton of the equaUons derived from observed transits of 

Menury 

11 The lelations between the elements ot Menuiy uid the 
Earth dern ed fioni this soum ai< shovninmy Discussion of 
TiaiisiisotMeriuriiiA. T , Ahd I, Pait VI ) On page 4 17 aie 
found e\piessions foi those lineai fuiutioiis of the coriectioiis 
to the elements which are deteimuied by the IToveinbei and 
May transits, respectively With a slight change of notation 
to coriespoiid with that of the present papei, these functions 
are as follows 

V = 1 487 — 0 487 — 1 137 de — 1 01 dV + 1 19 e"dn" 

+ 1 58 de" 

W = 0 710 dl + 0 J81 dTT + 0 896 de — 0 97 dl" — 1 11 e"dTT" 

- 1 62 de" 


The values of V and W being deiived fi om a senes of transits 
extending from 1077 to the piesent time, enable us to deter- 
mine both these quantities at some epoch, and their secular 
variations The values deiived from the transits, together 
with then mean errors, aie found on page 4(>() <tf the uork in 
question Omitting the doubtful tu toi 7, lutiodiiced on 
account of a possible vauability ot the Kaith’s .im.iI rotation, 
vhich was not pioved by the tiansifs, the values of V and W 
were found to bo as follows 
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The mean epoch for the transits is taken as 1820, to which 
the zero values correspond. The values for 1865.0, the mid 
epoch for the meridiau observations, are, therefore, from the 
transits alone — 

Y = - 2^'.08 ± 0''.41 
W = + 1".67 ± 0'^37 

This, however, is only a first approximation to the quantities 
which should be introduced. Since the meridian observations 
help to determine the values of and W^, we should not 
regard the reductions to 1865.0 as final, but retain the results 
in the form {a). 

Another element which is determined from the observed 
transits of Mercury with greater precision than it can be from 
meridian observations is the longitude of the node of the orbit 
relatively to the Sun. In the paper quoted we have put — 

K = — dV^) sint 

and found from all the transits up to 1881, 

F = - 0'M6 ± 0".27 + (0".28 ± 0'^62) (T - 1820) {h) 

The values of Y, W, and found from the discussion in 
question, give rise to six conditional equations, which become 
completely independent when we take as observed values the 
secular motions and the absolute values at the mid-epoch of 
observation. This mid-epoch is not the same for the May and 
November transits. But I have assumed that no serious error 
would be introduced by taking lvS20.0 as the epoch for all three 
of the quantities, Y, W, and N. 

If ^e substitute for sin idd its value in terms of dJ, etc., 

Sin i = - 0.6018 dJ + 0.796 sin JdN + 0.721 de (c) 

and then for dJ, dN, de, tbeir values in terms of the unknowns 
of the equations of condition, we shall have 


N = - 1.805 [J] + 2.394 [N] + 0.721 [s] - 0.122 [I (d) 
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Similar expressions will lie found for tlie values of V and W 
by substituting for the corrections to the elements the unknown 
quantities of the conditional equations, as already given 
Taking 1820 0 as the mid epoch, we may regard the inde- 
pendent quantities given by the transits of Mereury to be the 
SIX following ones 


V„ - 1 8 Y, , Wo - 1 8 Wi, - 1 SHi 

V, , W, , N, 

Here Vo, Wo, and No indicate values for 1865, the mid epoch of 
the meridian observations, and Vj, W,, and Ni the vaiiations 
m 26 years The six conditional equations thus found from 
the transits may be written 

Vo - 1 8 Vi = - 0" 90 zt 0" 31 
Wo - 1 8 W, = -f 0" 84 i 0" 25 
No - 1 8 Ni = - 0" 10 ± 0" 27 
V, =-0"66±0"15 

Wi =+ 0" 40 i 0" 15 

Ni = + 0" 07 ± 0" 15 

Substituting for Vo, V,, etc , their expressions as linear func 
tions of the unknowns of the conditional eiiuations, we -find 
the following six equations, which aic to be used as conditional 
eciuations additional to those given by the meridian observa 
tions 

6 95 [1] _ 4 87 [;r] - 3 41 [e] - 1 01 [J"] + 0 71 [tt") + 0 95 [e"] 
-1 8 j 6 95 [l]i - 4 87 [7r]i - 3 41 [e], - 1 01 0 71 

4-0 95[e"]i} == -0"<)0 

Weight = 260 

2 80 [i] + 2 84 [7t] 4- 2 09 [e] - 0 97 [?"] - 0 67 [7t"\ - 0 97 [e"] 
-1 8 12 86 [Z ], + 2 84[7r], -|- 2 69 [e]i - 0 97 [V']i - 0 67 
-0 97[e"],] = + 0" 84 

Weight = 300 

-1 8fJl-f2 llN] + 0 7[f]-012]l"J 
-18{-lS[Jj,-f 241Nl,-f-07[«l, -0 12[i"],j = - 0" 16 
Weight = 400 
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5.95 [1], - 4.87 [7,1 _ 3.41 [e], - 1.01 [?"], + 0.71 [7t"]i+ 0.95 [e''], 
= — 0''.66 

Weight = 700 

2.86 Ml + 2.69 [e], _ 0.97 [Z"]i _ 0.67 [rt"]^ - 0.97 [e"]i 

Weight = 700 


1.8 [J], + 2.4 [17], -I- 0.7 [e], — 0.12 [i"], = + 0".07 
Weight = 1,600 


The weights assigned to these several equations have been 
determined by the following considerations: 

We have already found that in the equations of condition 
from the meridian observations as finally reduced, the scale of 
weights has so come out as to show a practical mean error for 
weight unity of about i 4". Were this error purely accidental, 
the weights of the conditional equations derived from the 
transits would be determined in the same way, from the mean 
errors assigned to them. But, as a matter of fact, the exist- 
ence of systematic errors in the meridian observations is 
s loiTO, as will be subsequently explained, by the large value 
found for the fictitious quantity Sr^. Since observations of 

T orbits of Mercury 

and the Barth, near which mendian observations are rarely 
available, and are of a higher order of accuracy than meridian 
observations, it follows from the theory of probabilities that 
we should assign a larger relative weight to the observations 
of the transits. How much larger does not admit of bein^ 
determmed with numerical precision. Actually I have taken 
he weights as if the mean error corresponding to weight 
unity were between 6 and 6. In the case Of the motion of the 
node a still larger weight has been assigned to the secular 
variation, from the belief that the accuracy of the determina- 
tion from transits relative to meridian observations is in this 
case of a yet higher order of magnitude than in the case of 
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the other elements Whether this belief is justified or not 
must be left to the decision of the future astronomer 
The first three of the preceding six conditional equations 
may be treated in a way similai to that adopted for the 
meridian observations They express what is supposed to be 
equivalent to observations of the thiee quantities Y, W, and 
N in 1820, when r = — 1 8 Hence, from the xiaitial noimals 
in the SIX principal unknowns, [e], [tt] [6^'], the com 

plete noimals may be foiined by multiplication by r and 
(r = — 1 8) m the way set forth in § 25 

Solutions of the equaUons for Mercury 

32 In the c%se of Mercury and Yenus, it is desirable to 
know to what extent the results of the tiansits diverge from 
those of the meridian observations Hence, as already 
remarked, two solutions of the equations weie made, termed 
A and B 

Solution A IS that derived from the meridian observations 
alone Solution B is that of the normal equations formed 
from both the meridian observations and the transits 
The results of the solutions m the case of Mercury are shown 
in the following tables The relation of the unknown quan 
titles given m the fiist columns, A and B, to the coirections 
of the elements has been shown m a preceding section (§27) 
The uppei half of the table shows the corrections to the 
elements, the lower half those of the secular variations 
It will be seen that all the values, with a single e\< <q)tion, 
come out less than a unit In stating the coriections to the 
elements, it must be remembei ed that, owing to the proximity 
of Mercuiy to the Sun, the eiiois of gcocentiic place are much 
less than those of the lielioc entric elements, so that an error 
in the lattei indicates a proportionally smaller erroi in the 
actual observations For the same leason wo must expect a 
less degree of precision in the elements as finally deuved than 
111 the case of the othei planets 
5090 N ALM 5 
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Results of solutions of the normal equations. 


Unknowns 

5" 

Corrections of elements. 

Symbol. 

A 

B. 

0 

0 

Oj 

Symbol 

A 

B. 

Imn 

1 

p 

00 

— 0. 1207 

0 I 

S m : VI 

— 0 0148 

— 0 0121 







// 

// 


[ / ] 

1 

—0 1342 

— 0. 0752 

4 

61 

— O- S37 

—0 301 


= J ^ 

1 

—0. 2436 

— 0. 2299 

3- 


—0. 731 

— 0. 690 


= N I 


— 0 0227 

—0. 0201 

3 

Sm J (5 N 

—0 068 

—0 061 


E 


-fo 2074 

-fo 2194 

I. 

6 e 

4-0 207 

4-0. 219 


e 


— 0 1202 

+0 4094 

3 

6e 

—0 361 - 

4 I 228 


TV 


+0 5209 

4-0 2688 

10 

67V 

-fS 209 

4-2 689 




-j-o 0669 

+0 S397 

0 6 

6 

4-0 040 

+0 504 


Tf// 


— 0 2248 

—0 7027 

0. 6 

g// s 7 V^/ 

—0 13s 

— 0 422 




+I 1240 

4-1 0566 

2. 

6r^^ 

4-2 248 

f2 II3 


6 


— 0. 2310 

— 0. 2j;i;6 

I. 

6 

—0 231 

0 256 




—0 0354 

— 0. 0897 

I. 


—0.035 

0. 090 


[ ^ J 


4803 

4-0 41930 

' ' r. ' 

a 

4“C>*48b 

• +0- 493 


[ / 1 

/ 

— 0. 206a 

~o 1209 

16. 

Dt(5/ 

—3. 296 

—I. 935 


'■V 

/ 

—0 0114 

4-0. 0636 

12. 

BtrfJ 

— O- 137 

40.764 


_N 

/ 

-1-0. 1000 

4-0. 0930 

12. 

Sm JDt^N 

-f-I 200 

4-1 116 


_ E 

/ 

-j-o. 0681 

-j-o. 0966 

4. 


-j-o 272 

4-0 386 


e 

/ 

—0 1165 

4-0. 0987 

12 


—1. 398 

4-1. 184 


TV 

' 

/ 

—0. 2385 

— 0. 0252 

40. 

Dt^TT 

—9 540 

—I 008 



/ 

— 0 1968 

+0* 1317 

2.4 

V>^6e'' 

—0 472 

4-0 316 



/ 

— 0. 1677 

—0. 1193 

2 4 

e''l>^6Tv^' 

— 0 402 

—0 286 

1 


/ 

-f-0. 1 108 

4-0 0806 

8. 


4-0 886 

4-0 645 



/ 

— 0. 1826 

—0. 1233 

4. 

Dtd 

—0 730 

—0. 493 


y//; 

/ 

— 0 1442 

—0 3152 

4. 


-0 577 

—X. 261 


[ a 

f 

— 0 31^ 

—0 1973 

4. 

Dtc 

—I. 264 

—0 789 


Mean epoch of corrections, 1865 o. 


trkseordance in the observed Right Ascensions of Mercury, 

33, The most remarkable feature iu the result is tlie value 
of the quantity represented by [r"]. The unknown quantity 
introduced with this symbol had as its coefficient the derivative 
^ ^e geocentric place as to the Earth’s radius vector, and the 
result would therefore be an apparent constant correction to 
that radius vector. Since, however, the position of the planet 
depends only on the ratio of the distances of the Earth and 
Mercury, it follows that the actual correction may be regarded 
as a correction to the ratio of the mean distances. 

The determination of the mean distances by Kepler’s 
third law may be regarded as so unquestionable that the true 
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value of tins unknown quantity skoulcl be regaided as /eio^ 
and the result as a purely fictitious one, aiismg from eiionc 
ous elements of reduction or systematic personal eiiois It 
was the possibility of the lattei that led to its introduction 
When the planet is cast of the Sun, observations are always 
made on or neai its A\est limbj oi at least on some point west 
of the tiue ( enter, and vice 'i osn The value of therefoie 
indicates tliat theie is a leinaikable systematic difieiencem 
the observed Eight Ascension according as the planet is east 
01 west of the Sun, and theietoie according to the illuminated 
side The sign of the result shows that the reduction to the 
center of the planet was apparently too small It is there 
fore of interest to learn according to what law this error 
changed as the planet moved around its relative orbit 
It has up to the present time been impracticable to substi 
tute the unknown cpiantities in the oiiginal equations of con 
dition, and thus deteimmc the sopii ite residuals, and foi the 
puipose of investigating the pieseut case such a substitution 
IS the less necessaiy, owing to the smallness of the unknown 
quantities I have theiefore simply detei mined the mean 
coirection to the Eight Ascension given by all the observa 
tions during the various periods in si\ segments of the relative 
orbit, near the elongations, and befoie and aftei the two 
conjunctions Th^ results aie shown in the following table 
Oonimencing with the moment of inferior conjunction, column 
A ( outauis the mean correction to the tabulai Eight Asc ension, 
from observations made within about twenty <lavs following 
Column B contains the obsonations made iiom t\A( nty days 
after the inferior (on)uu(tion until twenty d<iys bcfoio supeiior 
(on)un( turn, i pcuiod diuingwhudi the planet was generally 
ncMi Its gioitcst west elongation Column 0 contains the 
obseiv itioius midc dining the twenty days following and up 
to superior conjunction Then follow in regular oidei the 
corresponding lesults when the planet Avas east of the Sun, 
beginning Avith the tAventydays tolloAving supcuoi coniunc 
tion and going around to nileiioi comunction 
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laibh showing the mean corrections to the tabular Right Ascen- 
sion of Mercury in six segments of its relative orbit. 


Epochs. 

A 

B 

C 

1765-1791 

1793-1815 — 

1817-1839 

1840-1849 

1850-1859. — 

1860-1869 - 

1870-18S0 

1881-1892. 

wt 

+3* 24 4 

— |— 2 06 6 

4-3 06 6 

4“ I • 4^ ^ 

+3 72 4 

4 1 18 28 
4-1 18 25 
-fi.19 38 

wt 

+2. 61 5 

41 82 10 

+ 1-79 24 
4 1 - 48 18 

4o* 77 20 
4-1 14 72 
4-0.74 65 
4o. 98 63 

Wt 

+0. 97 4 

+ 1 13 24 

— 0 38 20 
— j— 0 08 16 

4-0 31 44 

—0 20 61 
— 0. 15 62 


f 

D 

E 

F 

1765-1791 

1793-1815 

1817-1839 

1840-1849 

1850-1859 

1860-1869 

1870-1880 

1881-1892 

wt, 

+0. 92 I 5 
42-82 j 

4o- 27 25 

4o- 22 22 

4o 69 14 
— 1^-44 55 
—0.52 57 
— 0. 84 80 

" wt. 

-1-1.30 10 
-l-I 10 16 
-1-3 76 24 

—0 S3 30 
—0. 39 28 
—0 55 69 
—I 25 67 

— 0. 73 102 

'''' wt, 

+0. 81 3 

-fi 85 5 

—I 29 5 

+0. 75 3 

—0. 65 4 

—0 35 i6 , 
—0 30 24 
—0 37 26 


The remarkable feature of these results is the near approach 
to constancy in the values of the numbers in each column, 
after the secular variation is allowed for, and the large magni- 
tude of the corrections. The most natural conclusion is that 
tte reduption from the limb of the planet or the observed 
ce^tar of light to the true center was too small by an amount 
which, at the mean distance of the Sun, must have been nearly 
or quite a second of arc (c/. § 3). The adopted semidiameter 
. 3",4 seems so well established, both by inicrometrip 

jbj. hdiemeter measures during transits of Mercury, that 
a po^feqlion to the diameter seems inadmissible. 

I have not yet been able to enter upon the investigation of 
the source of this anomaly. A very important question is that 
of Its influence on the results. Since a constant eri?or th^ 
radius vector of a planet would have opposite effects on the 
elements in different points of the relative orbit, it may be 
inferred that the effect of the error would be nearly eliminated 
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in an extensive senes of obseivations distubuted equally 
between the two elongations Actually, bowevei, tbeie seems 
to have been an aiquouable lack of symmetry m tbis respect, 
as the influence of the unknown quantity upon the other 
unlmowus is not inconsiderable Although the law of change, 
as shown in the preceding table, does not coiiespond to the 
inignitude of the coeflioient of dr", tins coetticicnt being rela 
ti\cly too small near inferioi coniunction and too laigeneai 
superior conjunction, it is still piobable that through the intio 
duction and elimination of d»" a huge pait of the injurious 
effect IS eliminated 

Oowiparmn of trannts and meridian observations of Mercury 

34 Another remarkable lesult which may be assoc lated with 
this IS shown by the differenc e between the solutions A and 11, 
in the CISC of the ecicntiicity and peiihchon not only of the 
planet, but of the Sun It vill be seen tlmt the mondian 
obsor\ations alone give a ingatne collection to the eccen 
tricity of the planet, while, when the transits aie included, 
the correction becomes positive That this is due to a system 
atic cause running through the observations is shown by the 
faejt that the same thing is tiue of the secular \ariation of 
the eccentricity This relation of the coirection to its seculai 
variations holds true for three of the foui relative elements, 
and foi the eccentricity and perihelion both of the planet and 
of the lOarth In the i vse of the Earth’s perihelion, however, 
there is a neatei approach to <onformity lutvien the two 
results 

There IS yet anofhei aiioni ily in tins t oniu (tiou, which indi 
< ifis a \miy considi 1 ibl< systi'inaticcirot in the older meridian 
obs(i\ itions, vhuli is not lomplotely eliminated from the ole 
ini'iifs It wo take the values of the unknown (luantitics and 
then secuhii variations, which result fioin the two Holiilioiis, 
and substitute them in the liricai fiiin tions of the loirections 
to the elements denvid liom tin* tiansits aloni', namely 

\ = I 187 dl — 0 187 dn 1 17 dc — 1 01 dV + t \\)("d7i:" 

+ 1 58 df" 

■W= 0 71()d/ 4- 0 284 dir + 0 896 dc — 0 97 dV — I 11 6"dTt" 

- 1 62 dc" 
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■we find the following resulte; 

From meridian observations V = — 2''.0!) + 0''.fi9T 
From November transits —1 .00 — 2 .63 T 

From combined solution — 2 .77 — 2 .30 T 

From meridian observations W = + O".80 — 4''.55T 
From May transits alone +1 .30 + 1 .84 T 

Prom combined solution + 1 .30 + 0 .42 T 

We conclude that, bad no transits ever been observed, the 
errors ot the elements and their secular variations, derived 
from the great mass of meridian observations, would have 
caused an error of some r>" per century in the helioceniric 
place of the planet at the times of the JMay transits, and ol' 
some 3" at the time of the November i.ransits. 

The fact that the combined solution B satisfies the transits 
so much better than A, although the total weight of equations 
A is so much greater than that of the transit equations, shows 
that the meridian observations give only weak results for the 
functions in question. 

Meridian observations of Venus. 

35. So far as the meridian observations are concerned, those 
of Venus were treated on the same general plan as tiui observa- 
tions of Mercury. The/ollowing are tlie principal points of 
difference : 

1. The hypothetical quantity dr" is omitted. Hence no 
index to th® consistency of the observations at different points 
of the relative orbit can be derived from the solution. 

2. Tenths of a unit were included in the coefflcien'ts of the 
equations, and no modification was made in the units. The 
TOits and tenths were, however, dropped in the finid solution 
bfi iBiq!*!p.ormal equations. 

Results of observed transits of Venus. 

36. We put, at the time of a transit, 

V, the longitude in orbit of Venus; 

1, its mean longitude, or the mean vaiue of 0 ; 

A, its ecliptic latitude and longitude; 

L, the Sun’s true longitude. 
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Then 


SX = cos 4 cy-s 4- sm® » Sd 

= 0 9982 d'y + 0 0592 sm i S6 

We thus have, for the dates of the observed transits, 

1761-’69 , d/i = - 0 0592 dy + 0 9962 sin ^ dd 
1874-’82 , d/S = + 0 0592 dy - 0 9982 sin i dd 

I have discussed very fully the obseivations of the transits 
of 1761 and 1769 in Astronomtoal Papers, Vol ii The final 
results which I shall use are found on page 404 of that volume 
Here I have put. 


w, eoriection to A — L, 

— y, collection to p, 

the Sun’s latitude being supposed to require no correction 
The values of x and y for 1769 are distinguished by an accent 
I have also represented by and «3 the corrections to the dif 
fereiice of the semudiametei s of the Sun and planet, for the 
respective internal contacts, to which may bi added the un 
known but probably nearly constant quantity due to personal 
error in estimatin g the time of contact From their vei y natui e 
these quantities do not admit of accurate determination, and 
must therefore be eliminated from the equations From the 
obsera ations of internal contact aie derived the tollowing foni 
equations 

17fiL TI, — 87a + 5()y + = _ 0" 07 
III, + 08 + 73 +23=-0"06 
1769 II, —641'— 77y' + Zi= —0" 27 
III, 4 84 — “)5 4- 4-0" 02 

We haveheie inoie uiikiiown quantities th.in equations, so 
that it IS not practicable to deteimine them <ill sepiiately 
What I have done has been Inst to is'-ume Tins pre 

supposes that the distance ot lentcis at the cstnn.ited appa 
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rent contact at egiess is, m tlie geneial mean, the same as at 
ingress The lesnlt of any erroi in this hypothesis ■will be 
almost < ompletely eliminated from the mean latitude at the 
two transits, but not from the longitude 
Still, the values of x and y can not be separately determined, 
I have therefore so combined the equations as to obtain mean 
values of x and y foi the two contacts, assuming that this 
would he the result of supposing these quantities to have the 
same values at both epochs Calling these values x" and y" 
we have by addition and subtraction, supposing Z 2 — 

— 0 30 r" + 2 55 y" = 0" 13 
3 03 x" + 0 45 v" = O'' 30 


We thus have* 


X" = + 0" 09 
y" = + 0" 06 


These corrections are not applicable to the cooidinates from 
Leveeeter’s tables as they stand, but to those quantities 
as corrected by the following amounts 


JA = + 0"26 
^ + 2 " 00 

/ to these quantities; which may he made 

after the cexreotioi to Itie e^tLteun.xal motion of the node is determined; 
we should put, on account of this correction; ^ 


y —y' — 0"' 11 
+0'^! 

^ive 

^ $ 

af'srsj-f. 0^/ X4 j 

Wed tteoAgh a Ao-H ca^re&l m a SatSeqaent 
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We thus find, for the corrections to Levberier’s tables at 
#te bpoch 1T65 6, 

d A — dL = + 0" 09 + O'' 25 = 4- 0" 34 
3/J = _ 0" 06 + 2" 00 = + 1" 94 


and hence 


di>=+0" 22 + 0" 998 (JL 
sin ^ 3 ^ = + 1" 95 + 0" 059 3L 

A still farther modification is required to the tabular longi 
tude on aooount of the correction to the mass of the Barth 
used by Leteeribb, and hence to the periodic perturbations 
in longitude This corieotion is + 0" 20 We thus ha\efor 
the correction to the oibit longitude of Venus— 

dv= + 0" 02 + 0" 998 3 L 

For the results of the transits of 1874 and 1882 I have 
depended entirely on the heliometer measures and photo 
graphs made by the German and Ameiicaii expeditions, 
respectively The definitive lesults of the German observa 
tions, as -worked up by Di Auwers, aie found m Vol V of 
the German Reports on the Transits * The American photo 
graphic measures of 1874 have not been officially woiked up 
and published, but a preliminary investigation from the data 
contained in the published measures was made by B P Todd, 
and published in the American Journal of Science, Vol 21, 
1881, page 491 The measuies of 1882 have been definitively 
worked up by Harkness, but only the results published 
They are found in the report of the Supeinitendent of the 
TJ S Naval Observatory for the year 1890 

The corrections to the geocentric Right Ascension and 
Declination of Venus relitive to the Sun thus derived aie 

* Dio Venus durcligango 1874 und 1882 Benclit uber die Deutschen 
Beobaohtimgen Punitor Band, Borlm, 1893 
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given in the following table. In taking the mean the weights 
are not strictly those which would result from the probable 
errors as assigned, but, in accordance with a general princi- 
ple, independent results have received a weight more near to 
equality than would be indicated by the mean errors. 

1874: German, d E. A. = + 4.77 ± 0.28 
American, . . , +4.14^.0.30 

Adopted, . . . + 4.44 


German, d Dec. = + 2.28 ± 0.10 
American, . . . + 2.50 ± 0.30 

Adopted, . . , + 2.34 


1882: German, d E. A. = + 9.03 ± 0.12 
American, . , . + 9.10 + 0.O8 

Adopted, . . . + 9,07 


German, d Dec. = + 2.02 ± 0.06 
American, . . . + 2.02 ± 0.08 

Adopted, . . . + 2.02 

successively to geocentric longi- 
belioceatrio longitude and latitude, and 
orbital longitude and, latitude. The results of these several 
changes are as follow : 


Corr. in geoc. long. 

1874 

+ 3''.853 

1882 

+ 8".077 

Ckkrl in lat. 

+ 3 .724 

+ 2. 971 

Oorr. in hd. long. 

-1 .415 

-2 .965 

Corr. in hel. lat. 

-f 1 .001 

-f 1 .091 

Corr. in orbital long. 

-1 .35 

-2 .90 

Value of sin id 9 

-1 .08 

-1 .26 
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JEquatwm from transits of Venus 

37 The corrections to the heliocentric positions of Yenns 
and the Earth, as thns found, are now to be expressed in 
teiins of corrections to the elements The lesults of this 
expression are shown in the following equations 

Equations given by the corrections to the orbital long^tude 

I Epochj 1765 5 , r = — 3 90, weight = 200 
0 992 61+ 1 17 edrt + 1 62 da - 0 976 6V'- 1 81 0 85 6e'^ 

= +0^' 02 ± 0 'a5 

I'L J^och^ 1874 9, r = + 0 48, weight = 400 

_ 0^' 88yw H- 1 009 dZ - 1 223 ad^r - 1 596 da - 1 030 dV' 
+ 1 864 a^'d;T" + 0 817 da'^ = - 35 ± 0" 08 

III Ejpochj 1882 9, r = + 0 80, weight == 800 

0'^ 60;^+l 008 dZ - 1 146 cStt - 1 651 da - 1 028 6V'+1 825 e'^Sn" 

+ 0 900 da'' = - 2" 90 dz 0 "027 

Equations given bij the coirections to the orbital latitude 

I 1765 5, sin^dd-0 057dZ"-011a"d;r"---0 05da"= + l"95- 

± 0 " 10 

II 18749, smidd-0 061dZ"+0 110a"d7r"+0 048d<"=-l"08 

± 0" 04 

III 1882 9, sln^d(9-0 061dZ"+0 107a"d7r"+0 053da"=-^l" 28 

i 0" 019 

The weights assigned to these three equations are, lespec 
tively, 200, 600, and 1,600 

Befoie using these equations the coirections to the elements 
were transformed into the unknown <iuan titles defined in §27, 
and then secular variations by multiplying the coeflOicients by 
the factors given on page 5b 
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Solutions of the eqtiations fo7' Venus. 

38. The parts of the normal equations formed from the 
preceding conditional equations were added to the parts from 
the meridian observations, and the resulting solution B 
obtained. As in the case of Mercury, a solution A was made 
of the normal equations derived from the meridian observa- 
tions alone. The results are as follows : 

VENUS 


Results of solutions of the normal equations. 


Unknowns 

»2 

Corrections of elements. 

Symbol 

A 

B 

0 

0 

Symbol 

A 

B 

[«] 

; i ] 

:n: 

e 

, 7r ] 
f 

'yn 

' ^ 

;///] 

■ / y 
[ jy 

N ]/ 

■ ^ V 
Vy 

a y 
* d y 
[///]/ 

—0.0708 

-o- 1435 

+0. 1156 
+0. 0164 
-j-o. 0941 
-j-o 0628 
-fo 0246 
-f 0. 0336 
— 0. 0274 
4-0 4742 
— 0. 0383 
-0 0768 

—0. 1846 
+0 0970 
—0 0561 
-f 0, 1472 
4-0.0555 
+0.0182 
+0.0283 
+0.0399 
— 0, 0S20 
— 0. 0020 
~o. 0562 

--0. 0834 

—0 1501 
+0 1340 
+0 0106 
+0 1003 
+0 0764 
+0 0271 
+ 0. 0318 
—0. 0212 
+0. 4642 
-0. 0375 
—0 0743 

—0 1983 
+0. 1088 
—0. 0594 
+0 1 644 
+0. 0698 
+0. 0202 
+0.0317 
+0.0506 
-0.6347 
— 0. 0002 
— 0. 0662 

7. 

5 - 

6 

7 

3 - 

3 

4 

2.5 

2 

I. 

5 * 

4 

20. 

24 

28 

I2 

12, 

16. 

lO. 

8. 

4 ' 

20. 

16 

dm.m 

61 

S] 

smJiJN 

eSiv 

6 8 

6 

a 

6 

61" 

V>t6l 

I^tJ 

sin J Dt N 
Dt-? 
eDfir 

Ut e 
Vte" 

; 

Dtd 

—0 496 
// 

— 0 7 

+0 694 

+0 115 

+0. 282 
+0 1 88 
+0 098 
+0 084 
—0 055 
+0. 474 
—0 192 
—0. 307 

— 3 - 692 
+2 328 
—I 571 
+1. 766 
+0. 666 
+0 291 
+0 283 
+0.319 
—0 328 
—0 040 
— 0.899 

—0 584 

ff 

-0.751 

+0. 804 
+ 0 074 
+0 301 
+0. 229 
+0. 108 
+0. 080 
— 0 042 
+0 4^4 
—0. 188 
—0. 297 

— 3 - 966 

+ 2, 6II 
— 1,663 

■fi 973 

+0 838 
+0 323 

-fo 317 

+0. 40s 
—0 139 
—0. 004 
-I 059 


Mean epoch of correction, 1863 o 


Comparison of transits of Venus with meridian observations. 

39 . To show to what extent the results of the meridian 
observations differ from those of the observed transits over 
the Sun, we form the values of the absolute terms of the 
equations of condition, §37, first by substituting the values 
A of the corrections, and then the values B. We thus have : 
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Residuals in orbital longitude 



1765 5 

1874 9 

18 S 2 9 

(c^) From meridian obs alone 

- 0^^ 07 

- 36 

- 2 " 54 

( /3) From combined solution 

+ 0'^ 04 

- 1^' 43 

— 2 " 78 

(y) From transits alone 

+ 0 ^^ 02 

-1^35 

- 2" 90 

Discordance, (y)--{o!) 

0 

0 

b 

+ 

+ 0 ^^ 01 

- 0^' 36 

Discordance, {y) — {p) 

- 0^' 04 

+ 0 08 

-- 0 " 12 

Resid iiah in 

orbital latitude 



1765 5 

1 S 74 9 

1882 9 

{a) From meiidian obs alone 

+ 92 

- 0^^ 77 

- 0 '' 9C 

(/?) From combined solution 

+ 2'^ OG 

- O'' 91 

- 1" 12 

{y) From transits alone 

+ 1" 95 

- V' 08 

- 1" 26 

DiS^cordance, {y)^{a) 

+ 0'^ 03 

- 0" 31 

- 0" 30 

Discordance, {y) — {ft) 

0 ^^ 11 

- 0^' 17 

- 0^' 14 


It Mill be seen that the combined solution repiesents the 
observations of the transits much better here than in the case 
of Mercuiy 

Solution of the equations for Mars 

40 As the foimation of the normal equations foi Mars was 
approaching its end, a singular discoid ince among the resid 
uals of the paitial normal equations toi diffeient periods was 
noticed On tracing the matter out it appeared that while the 
correction of the geocentric longitude of Leverrier’s tables 
in 1845 and again in 1892 was quite small, the coirection in 
1862 was cousideiable Ifow there is an inequality of long 
period, about forty years, in the mean motion of Mars, depend 
ing on the action of the Eaitii, and having toi its argument 
— 8g This coefhcient is of the seventh ordei in the eccen 
tncities, and the teims of the ninth or even of the eleventh 
order might be sensible in a development in powers of the 
eccentricities and sines or cosines of multiples of the mean 
longitudes The conclusion which I reached was that the the 
oretical value of this coefficient was not determined with suffl 
cient precision As the work of solving the equations could 
not wait for a new determination and a new formation of the 
absolute terms of the noimal equations, it was decided to make 
an appioximate cmpiiical correction to the theory This was 
used to correct the absolute teims of the paitial normal equa 
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[40 


tions for each period^ and the solution was then proctHulcd 
with. The chances seem to he that by this process the inju- 
rious effect of the error upon the elements derived from 
equations would be inconsiderable 5 this is, however, a x>oint; 
on which it is impossible to speak with certainty. It is the 
intention of the writer to recoinxiute the doubtful terms of the 
perturbations, and, if possible, reconstruct the absolute terms 
of the normal equations in accordance with the corrected 
theory. Meanwhile, the xiresent work necessarily rests on the 
imperfect theory with the approximate empirical corrections, 
which are as follow : 


(U = cos (15,^' - 8-7 - 223^) 

eSn — cos (15// — 8 /;) 

As the elements of Mars are derived wholly from meridian 
observations, only one set of equations of condition was formed. 
The results of the solution are shown in the following table; 

MARS. 


Unknowns 

n 

Uoiiuclions of elements. 

Symbol 

Value 

Factoi 

Symbol 

Valiu' 


— . 02278 

0. 3 

rl m ■ 7/1 

0. 0 7 







// 


/ 


-• 44854 

2 

iU 

-0. 897 


J 


+■ 05479 

2-5 


+0. 137 


N ^ 


+. 06724 

2.5 

Sin J (IN 

f 0. 168 


i 


+ 43803 

V 

() e 

1 0. 626 




— . 05056 


( 1 7 r 

0. 722 




+.07474 

4. 

6 e 

]-o. 299 


J ^ 


49898 

2 . 


- - 0. 998 




— . 42409 

2 « 


-0. 848 


a 


H- 18545 

5. 

a 

+0. 927 


6 


— 04536 

5 - 


™--o. 227 


[/// 


+.05786 

3 - 


+ 0. 174 


[ ^ 

/ 

+. 16605 

8. 

IhtU 

+ r.3*8 


Ur 

f 

+ . 13408 

10. 


f '• 34 > 


[ ^ 

/ 

. 02263 

to. 

SmJDtN 

- 0. 226 


e 

r 

03180 



0. 182 


TT 

/ 

00928 


Dt rr 

■—0, 530 


E 

/ 

+ 06097 

16. 


+ 0. 976 



/ 

— . 12597 

8. 


-^1.008 



/ 

+ . 00853 

8. 


+0.068 


’ a 

/ 

— 09670 

20. 

Dta 

— r. 934 


a ^ - 

/ 

■—.or 168 

20. 

DtS 

—0. 234 



f 

+. 13111 

12. 


+ *•573 
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Reference to the eehpttc 

41 In all the preceding determinations the planes of the 
orbits aie referred to the plane of the Earth’s equator, or, to 
speak more exactly, to a plane through the Sun parallel to the 
Earth’s equator As in astronomical practice the ecliptic is 
taken as the fundamental plane, it is necessary to in\estigate 
the reduction of the elements from one plane to the othei 
Let us consider the spherical triangle foimed on the celestial 
sphere by the plane of the oibit, the plane of the ecliptic, and 
the plane of the Earth’s equator Eoi the sides and O])posite 
angles of this triangle we nave 

Sides 'N 0 ifj 

Opposite $,ngles i 180^ — j s 

When equatorial coordinates are used, the position of the 
planet is considered as a function of the three quantities 

^ (a) 

When ecliptic coordinates are used, the three corresponding 
quantities are 

^ (b) 

Taking the set of quantities {a) as the fundamental iiarts of 
the triangle, and expressing the corrections of the other parts 
as functions of them, we have 

d ^ = + cos ipdJ + sm sin JdlSr — cos Ode 
sin ^d d = — sm i/jdJ + cos sm JdN -f- cos i sin Ode 

Taking (b) as the fundamental parts, we have for the correc 
tions to N and J 

d J = cos ipdi — sm Ip sm %dd + cos Ndf 
sm JdJSr=: sin tpdi + cos tp sm 'id 6 — cos J sm IsTdf 

The numerical values assigned to the ooefhcieuts in these 
equations are those coi responding to the mean epoch 1850 
The fact that they change somewhat in the course of a hundred 
years has not been taken account of The future astionomer 
will meet with a real dihiculty m that the corrections to a 
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set of elements at one epoch do not a'ccurately correspond to 
similg^r corrections at another epoch. It is impossible to do 
away rigorously with the difficulty thus arising, except by 
introducing a more general system of elements than elliptic 
ones. The error is, happily, not important in the present state 
of astronomy. The equations in question for the three planets 
are as follow: 

Mercury, 

di = + J799 d J + .602 sin J d K — .688 ds 
sin iSe = - .602 dJ + .799 sin J d IlfT + .721 d€ 

Venus, 

d^ = + .373d J + .928 sin Jdl^ - .255 Se 
sin id 6 = — .928 d J + .373 sin J d JST + .967 ds 

' , ^ ’ i , I ' ■ <1 j 

di = .703 J + .712 sin J (J K — .’ool Ss'''". r '• 

sin idd = — .712 <yj + .703 sm J dN + .747 d« 

For the inverse relations -we have — 

Mercury. 

d J = .799 di — .602 sin idO + .983 de 
sin J dN = .602 di + .799 sin id 9 — .163 ds 

Yerius. 

d J = .373 di - .928 sin idd + .990 de 
- ’ ~ ^ J djjf, .928 di + .373 sin idd — .125 ds 



Mare. 


d J = .703 di — .712 sin idd + .998 ds 
sin J d hr = .712 di + .703 sin idd - .052 ds 
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COMBINATION OI- THE PRECEDING RESULTS TO OBTAIN 
THE MOST PROBABLE VALUES OF THE ELEMENTS 
AND OF THEIR SECULAR VARIATIONS FROM OBSER- 
VATIONS ALONE 

la the two preceding chapters are derived four separate 
valaes of the six corrections, a, S, 6s, 61", 6e", and e"6n", and 
of their secular variations, which pertain to the orbit and 
motion of the Barth relative to the stars We have now to 
combine these four results so as to derive the most probable 
values of the twelve unknown quantities in question 

DemaMons from the method of least squares 

42 If we applied without modification the principles ot the 
method ot least squares, we should first elimimite the elements 
and secular variations for each planet fiom the normal equa 
tions given by observations of that planet, which would leave 
us with three sets of normal equations, containing only the 
twelve quantities depending on the motion of the Barth We 
should then reduce these normal equations to equality of 
weight, by multiplying each of them by the appropriate 
factors, and we should then consider the observed coi rections 
to the solar elements deiived from observations of the Sun 
alone as affording equations of condition to be reduced to the 
adopted system of weights, and then multiplied by their coeffi 
cients and added to the normal equations The solution of 
the single set of normal equations thus formed would lead to 
the definitive values of the solar elements and of their secular 
variations, which, being substituted in the eliminating equa 
tions from each planet, would lead to the definitive elements 
of the planet and of their secular variations 
This proceeding is not, however, advisable iii the present 
case, because, owing to the immense mass of material worked 
5690 N iXM 6 
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up, the emu'H to bo priiic.ii)ally r<‘iiri‘il uro not tluntfcidoiitHl 
ones, of wliidh aloiio tho luctluMt of'ioust scpnu'os taki's acoonut, 
but the aystoiiiiitio ones aa'isiiiK’ priacipully from porsomil 
ecpiation and impca-foct i-ediiclimi of tin* observations to tin* 
actual c(Mitcr of the planet or of tbe Hua. These errors alfeet 
ditferent elements in very ditforent ways aiul to dill’erent 
amounts; from some they wdl be almost completely elim- 
inated and from others they will not. VVbi must therefore i»ro- 
ceed by a tontative prooesB, ascertaininK at each st4>p, so far 
as possible, how each result will <!omo out before wo accept it 
as final, to bo coinbinod with other results. In iloinjr this if 
is lu'ec'Hsary to deviate so widely from what are eommonly 
regarded as fiindamontal principles of the theory of the com 
biuation of observations that a brief iiresontat ion of the prin- 
ciples involved is appropriate. 

It is frequently accepted as an axiom that when we have 
several noii accordant determinations of the mMiui »imnitity, 
between wbicb we have no reason for idioosing, the most proh 
able value is the arithmetical moaii. The operation of taking 
the arithim'tical moan is, in fact, the sim]desf uppHeatlon of 
the method of least sciuares. The fundaimmtal hyimthesis on 
which this method rests Is that the probability of an error of 
magnitude i x is given by the well-known exponential eipia- 
tion 

h 

<pih,x)dx<ai-l--e dw (a) 

V w 

h, the modulus of precision, being a constant. It was shown by 
Gauss that this function for tbe probability foih>ws rigorously 
from the principle of the arithmetical mean. It tborsSors fol- 
lows that the method of the arithmetical mean, and theism 
that of least squares, is rigorously correct only so far m the 
law of error is expressed by tbe above esponontia) function. 

It scarcely needs to be pointed out that, as si nsatter of fact, 
the law of error in question is not true. Not only so, but in 
astronomical experience it deviates from the truth in si way 
admitting of precise statement. It presupposes that the mod- 
ulus of precision is a determinate quantity. Were this the 
ease, then, to take a single instance, the probability of an 
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error five times as gieatas the probable eii or would be less 
than 0 001, and the probability of an error six times as great 
would be about 0 0001 This is not true, because, taking the 
function aiS a basis, we uiry say that the modulus of 

precision, h, is neaily always in practice an uncertain quan 
tity Let us then put 


hi, hi, hi, 

for the possible values of h, and 


i’ll i’ij P3, 

for the several probabilities that h has these respective values 
Then the probability function will become 

9 (^) =Pi9 (hi, x) 4 - Ih 9 Oh, i) + (b) 

Now this form can not be reduced to the form («) with any 
value whatever of the modulus h If we make the closest rep 
reseiitation possible, we shall have a cuive in which small 
values and large values of x aie lelatively less probable as 
compared with the facts than aie intei mediate values To 
show that this is the actual case, let us suppose that we have 
three deteiminatious of an unknown quantity If we pioceed 
in the nsu d vay, we should infer the value of h, the ineasuie 
of piecision, from the discordance of these thiee values But 
it IS evident that this deteimmafion of h would be veiy uncci 
tain Should the thi< o values < hance to be loi tun dely ici ord 
ant, then, proceeding m the usu<il way, om lunction would lead 
to the condusiou that the probability of an erroi of a certain 
inagnifudi in the int.ui was very small, when, as a inattei of 
fait, it might be veiy considerable* The value of h being 

* To take a simple and quite possililo luNtani o, lot tliioo opHorvations of 
astai with a meridian circle give, foi the seconds of detlin ition, 0 ' 4, 0" 6, 
and 0" 6 Bj the canons of least squaics the me iii lesult would be 

0" 50 ±0" OdO 

and the piob ibilitj of an i iioi as gie it as 0" 1 would come out about 0 08 
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uncertain, tlie true form of tlie function is not {a) but {h). It 
follows that we may lay down the following general rule : 

The best value from ct system of non- accordant determinations 
is not the arithmetical mean^ but a mean in lohieh less weight is 
assigned to those results ichicli deviate most widely from the 
mean of the others, 

I have considered the subject from this point of view in the 
American Journal of Mathematics^ Yol. YIII, p. 343, and given 
tables for determining the weights to be assigned to the results 
when the law of error is that derived from several hundred 
observed contacts of the limb of Mercury with that of the Sun 
during transits of the planet. 

Another well-known defect in the method of least squares 
is that it does not take any account of systematic errors. The 
greater the number of observations that are combined, the 
larger the proportion in which the errors of the results may 
be due to the systematic errors in the observations or the 
elements of reduction. Although such errors may elude inves- 
tigation so far as their determination and elimination is con- 
cerned, we may yet be able to point out their origin, and to 
show to what extent they would influence each separate result. 
Of son\e results we can say with entire confidence that they 
are but slightly affected with systematic error ^ of others, that 
they may be very largely so affected. In the latter case, the 
weights of the results, as determined from the solution of the 
normal equations, give no clue whatever to the probable mag- 
nitude of the error. 

The result of this is that in the following paper we are more 
than once confronted with the following problem: Among 
several determinations of a quantity one is known to be free 
from systematic error and to be affected with a well determined 
probable mean error, A e. There are also one or more other 
determinations of which the probable^ error is unknown and 
can not be determined, because we have no sufacient knowl- 
edge of the probable effect of systematic errors upon the result 
YThat shall be the relative weight assigned to two such results 
in order to obtain the mean? The decision of this question is 
necessarfly a matter of judgment, the grounds for which it 
might be extremely prolix to state at length. An attempt has 



PROBABLE ERRORS AND WEIG-HTS 


85 


42 ] 

been made m tnese cases to classify tbe i esults, so as to give 
a general idea of wliat is likely to be their modulus of pre 
cision, and weight them aecoidiiigly 

Any attempt at numerical accuracy in such an estimate 
would be laboi thrown away It has theretore been considered 
siiflicieut in such cases to state what the conclusion of the 
author is, leaving its revision and ciiticisin to the future 
investigator Indeed, in some eases, as m that of the correc 
tioii to the centennial motion of the Sun in longitude, a con 
venieut round number has been chosen, very near to the result 
of well determined weight 

We should be carrying the preceding conclusions too far if 
they led us to a general distrust of the conclusions reached by 
the method of least squares The doctrines that there is a 
necessary limit to the accuracy with which astronomical deter 
minations can be made, that systematic errors necessarily 
affect every such determination, and tuat the canons of least 
squares necessarily lead to illusory probable errors, are too 
sweeping We may lay down the general rule that if we have 
a sufllcient number of really independent determinations of an 
unknown quantity, of which we individually know nothing 
except that they are the results of actual measures, and not 
mere guesses, then the aiithmetical mean will be a dehnite 
result, the probable deviation from which will actually follow 
the law given by the canons in question with a closeness 
which will continually increase with the numbei of independent 
deteimin itions 

It we have such knowledge ot the relative values of the 
various determinations as to assign greater weight to some 
than to others the result will be still better when tho^e 
Aveights aie used, provided always that they are assigned 
without undue bias in tavoi ot those results which most nearly 
approach the \ alue supposed to be approxim itely correct 

These considerations lead me to a policy which I have 
always adopted when it was easy to do so in the following 
discussions, namely, that ot so conducting the work as to 
lead to as many independent determinations of a quantity 
as possible, and of always giving a less relative weight to such 
sets of determinations as might from any cause whatever be 
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supposed aftected by an important common source of error. 
Where the independent determinations are few in number, the 
computation of a definite probable error is impracticable, and 
the probable mean error assigned is necessarily a result of a 
judgment based on all the circumstances. 

Belative precision of the two methods of determining the elements 
of the EartWs orbit. 

43. When the system of determining the solar elements from 
observations of the planets as well as of the Sun was originally 
decided upon, it was supposed that the two methods would 
give results not greatly differing in accuracy m the case of any 
of the elements. This, however, is proved by the results not to 
be the case. Attention has already been called to the extreme 
consistencyof the values found for the correction to the eccen- 
tricity and perihelion of the EartVs orbit from observations of 
the Sun. This consistency inspires us with confidence that 
the probable errors of the corrections to the elements as given 
do not exceed a few hundredths of a second. But the deter- 
mination of these elements from observations of Mercury and 
Venus may be seriously affected by the form of the vivSiblc 
disks of those planets, which results m observations being 
made only upon one limb when east of the Sun and the other 
limb when west of it. Thus personal equation and the uncer- 
tainty of the semidiameter to be applied in each case may have 
an effect upon the result. But personal equation is likely to be 
smaller in the case of Mercury than in that of Venus, owing 
tb the sitiaffhess of its disk. 

There is another circumstance which weakens the inde- 
pendent determination of the Earth^s eccentricity and perigee 
from observations of the planets. If we define the otbit of a 
mt as a curve, but as the totality of points which the 
planb% Obout)ib^ at a great number of given equidistant moments 
during its rCirolutiOn, then it is easy to see that the general 
mean effect of ah increase of the ecceiltricity is to displace the 
eutite orbit toward the point of the celestial Sphere marked by 
its apheliouy while the effect of a change of ife perihelioh is to 
move the entire orbit iff its own plane in a direction at right 
angles to the line of apsides. The result is that in a series of 
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observations of i planet from the Earth the corrections to the 
eccentricity and peiihelia of the two orbits can not be entirely 
independent, and we can deteimme with entiie precision only 
two linear functions e\piessi\eot the relative displacements 
pist desciibed It miy be admitted that, were observations 
e\actly similai in kind nude around the entne lelative orbit 
in equal numbers, the ettect ot the pnncipk system itic eiiois 
would be neaily eliminated fiom the result But wc cm not 
relv upon this bein^^ the case, and even weie it tin ( ase tlieie 
would piobabl:y b(^ x lesiduxl eftei t vhich would be large in 
propoition to the inteidependence of the two sets of (oncc 
tions But in this connection the impoitant remark is to be 
made that, so far as these systematic errois aie invariable, 
they would not affect the secular vaiiations, but only the abso 
lute values of the elements We may thercfoie assign gieatei 
lelitive weights to the foimei than to the litter 

So fai as we can classify the results, I lia\ e concluded that 
in the case of the seculai variations of f, and the weight 
of the determination from Meiciiry and Venus might receive a 
weight one fifth that from the Bun But in the case of the 
absolute values of these quantities, it would seem from the 
discoi dance of the lesults tint the lelitive v eight of the 
planetaiy lesults should be much smalki 
In deiling with the common eiioi, cr, of the adopted liight 
Ascensions of the stais, it is to be lemarked that we may 
icgard the obseivations in Eight Ascension as fitted to give 
the values of a + dV'j while SI" ne(essanl> de])<mds solely 
upon the observations of dedinatiou, in ehcitit not m foim 
Hence, although the unknown qmintities of the solution aie 
a and 1 hive dimued it best to deiivo the result by 
legaiding n + dl" is the quantity to be first found, instead of 
a itself 


Secular variations of the solar de moils 

44 The following table shows the (oik ctions to the tabular 
seculai variations of the solai elements, as they have been 
found fiom obsei vations In the cases of Meicury and Venus 
the results of both solutions are given for the sake of ( ompari 
son, although only solution B is used The lel itivc weiglits 
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have been determined by the considerations already set forth. 
In the case of Mars, the final determinant of the solution for 
the solar elements came out so- nearly evanescent as to show 
that no reliable values could be obtainedj a result -which we 


€orrections to the secular variations of the solar elements derived 
from observations only. 



Dtfh 



From observations of — 

The Sun__ 

Meicury, solution A 

“ u 3 

Venus, solution A 

“ B 

Mars 

// w , 
-1-0 48 5 
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—0 97 I 

—0. 58 
— I 26 I 
—0 90 
— I 06 I 

// 

+0 23 5 

—0 47 
-fo. 32 I 
-j-O. 28 
-fo 32 I 

Mean 

Adopted 



00 00 

0 0 
++ 

— 1. 10 

— T.OO 

-f 0. 26 
-f 0 21 


DtdTT^/ 


Dta 

From observations of — 

The Sun 

Mercury, solution A 

“ “ B 

Venus, solution A 
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Mars 
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- 1-0 32 5 
— 0. 40 
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-h 0 32 
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// 

—0 63 2 
—I. 84 
-“2.05 3 

— I 20 2 

// 

+0 34 
— I. 26 
—0, 79 
-“O. 33 
— 0. 14 

Mean ^ 
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-1-0.25 
-j-o 26 i 

— I. 40 

— I 30 

1 30 

—0. 30 


might expect, because, in order to separate the principal ele- 
ments of the Earth’s orbit from those of the planet, observa- 
tions should be continued all around the relative orbit, whereas, 
as a matter of fact, they are generally made only near the time 
of opposition. I have judged, however, that the correction to 
the secular variation of the obliquity obtained by putting 
= — I'^OO m the equation for T>^$ e might enter with 
half the weight that it does in the cases of Mercury and 
Venus. Before the final values and weights of the quanti- 
ties in the table had been definitively revised, provisional 
values were used in the subsequent part of the investigation. 
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These provisional values aie given in the last line of the table 
It IS also to be noted that the seculai vaiiatious of e, e" tt, ti" 
and B in the definitive theory and tables are those computed 
from the adojited masses of the planets 

(Jo') rechon to the standatd of Deolinahon 

45 The results foi the seculai vai ration of 0, the common 
error ol the standard Decliii itious within the zodiac xl limits, 
are not given in the txble, as other data aie available for its 
determination The following shows the separate values of 
d and its secular variation, derived from observations of the 
planets to Saturn inclusive For reasons already stated obser 
vations of the Sun are not used for this purpose 


From observations of Mercury, 
Venus, 
Mars, 
Jupitei, 
Saturn, 


" " wt 

d=-0 18 - 0 49T, 2 

-019-0 GOT, 1 
- 021 -023T, 4 
_0 04-0 43T, 3 
+ 0 04 - 0 68T, 4 

d = - 0" 09 - 0" 42 T 


Mean 

Adopted, d = - 0 08 -0 50 T 


Hot only observations of the planets but those of the fixed 
stais aie available tor the determination of d and of its secular 
variation In the discussion of the Declinations derived from 
observations with the txieeuwich and Washington tiaussitcir 
cles {Astronomical I^apcts, Vol II), I have shown that the 
Gieeiiwuh obseivitions indicate, with some uncertainty, a 
sec uLii v.iriation of the corrections to the standard deolina 
tions which will give a value of about —0" 55 for the seen 
lar variation of d But Beadley’s Declinations, as leduccd 
by AirwLES, would give a still laigei negative value, approxi 
mating to an eutiie second As the \alue which we may 
assume foi d does not greatly influence the other elements, 
I hive adopted as a convenient probable result, the vaiia 
tion -0'^ 50 T 
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Befinitive secular 'Variations of the planetary elements from obser- 

'vations alone, 

46. Having decided upon tlie adopted values of the six 
quantities found in the last article, we regard them as known 
quantities, and substitute them in the eliminating equations, 
which give the values of the remaining secular variations. 
As the unknown quantities in these equations are not the 
corrections themselves, but certain functions of them, we pre^ 
pare the following table, showing the formation of the quan- 
tities which are to be substituted in the several equations. 
The table scarcely seems to need any explanation, except that 
the unknown quantities given in the three columns on the 
right are formed by dividing the secular variations for twenty- 
five years by the coefficients given in § 27. 

Adopted seeular 'variations of the solar unJcnowns^ to he substi- 
tuted ui the eliminating equations for the several planets. 



Mercury. 

Venus 

Mars, 

= - 1».00; [V' 

1' =-0.250; 

'-0.06255 

-0 0833; 

DtiJ = - 0 .50; [ (J 

1' =-0.125; 

-0.0250; 

-0.0250; 

Dta = - 0 .30; [a 

]' =-0.075; 

-0.0750; 

-0.0150; 

= + 0 .26; [n" 

]' =4-0.108; 

+ 0.0325; 

4-0.0325; 

D^Se" = + 0 .21; [ e" 

y =4-0.087; 

+ 0.0210; 

4-0.0262; 

=4-0 .48; [ s 

1' =4-0.120; 

+ 0.0300; 

4-0.0300. 


To facilitate a judgment or rediscussion of this part of the 
process, we give on the next three pages the normal equations 
between all the secular Variations which remain after the cor- 
rections to the elements of the Sun and planets are eliminated 
firom the original normal equations. We give these rather 
than the eliminating equations which were actually used in 
the substitution, because they show more fully the relations 
betteeh the unknown quantities, and can therefore be better 
used in aUy Ulterior discussion. Eegarding the preceding six 
quantities as known, and substituting them in the normal 
equations for the secular variations, we derive the definitive 
values of the secular variations which relate to the planets. 
They are shown in the next table. In the latter the values of 
the solar elements are repeated for the sake of completeness. 
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Matriao of normal equations for the secular variations after the elements are eliminated, 

[The equations are to he completed by adding the terms to complete a synunetric matrix.] 
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Matrix of normal equations for the secular variations after the elements ai e eliminated 
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Values of the secular variations as derived from observations 

only. 




Unknown. 

Corr. 

Tables. 


Result. 




/* 

// 


// 

Mercury. 

i>t« 

-.0691 

-0.83 

+ 4.19 

+ 

3.36+0.50 


eDjTT 

+ .1577 

+1.30 

+ 116.94 

+ 118.24+0.40 


Dti 

+ .0593 J 

+0.83 

+ 6.31 

+ 

7.14+0.80 


sin i Dt 

d +.081517 

+0.70 

- 92.59 

— 

91.89+0.50 



-.0967 

-1.55 




Venus. 

Dje 

+ .1393 

+1.67 

- 11.13 

— 

9.46+0.20 


eDt TT 

+ .0685 

+0.82 

- 0.53 

+ 

0.29+0.20 



+ .1153 J 

-0.65 

+ 4.52 

+ 

3.S7+0.30 


sin i Dt 

d -.0592N 

-2.73 

-102.67 

-105.40+0.12 


Dt<iJ 

-.1919 

-3.84 




Earth. 

Dte 


+0.21 

- 8.76 


8.65+0.09 


eDt 


+0.26 

+ 19.22 

+ 

19.48+0.12 


Dt £ 


+0.48 

- 47.59 

— 

47.11 + 0.25 

Mars. 

Dte 

—.1190 

-0.68 

+ 19.68 

+ 

19.00+0.27 


eDtsr 

+ .0536 

+0.29 

+ 140.26 

+ 149.55 + 0.35 


Dti 

+ .1130J 

+0.17 

- 2.43 

— 

2,26 + 0.20 


sin i Dt 

e -.0442N 

-0.76 

- 71.84 


72.00 + 0.20 


BtSl 

-.0946 

-0.76 





The first column of numbers in tliis table gives the unknown 
quantity as found immediately from th^ eliminating ec^uations. 
These quantities being multiplied by the factors given in 
§27, we have the corrections to the tabular secular varia- 
tions, as given in the coluinn “correction.” The next column 
gives the value of the tabular secular variations, which are 
in all cases those actually adopted by Leverrtbr. In the 
case of the Earth, as has been pointed ouf by Stitrmer and by 
Innes, the secular variation of the radius Vector does not cor- 
respond to that of the longitude. But as ’that of the longitude 
is the preponderating quantity in its effect on geocentric 
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placeSp I have regarded the value of the eceentr city used m 
the tables of the equation of the cental as the tabular one to 
be adopted 

The numbeis in the column ^^Unknown,” which aie followed 
by the letters J and N, aie the lesiiective values of [J)i and 
[^]ij which are changed to and sm d by the equations 
of §41 

Finally, we have the results given in the last column for the 
actual seculai variations of the sevei il elements as deiived 
from the piecedmg discussion of all the observations 

The result is followed by the probable mean error of each of 
t!^e quantities as estimated from the probable magnitude of 
the sources of error to which they are liable As in other 
cases, these quantities are very largelv a mattei of judgment, 
because the probable eirois as detei mined in the usual way 
from the eliminating equations would be entirel;y imiehable 

Definitive eorrechons to the solar elements for 1850 

47 Leaving the above i esults to be subsequently discussed, 
we go on with the solution of the equations By a continuation 
of the process just desciibed, we regard the piecedmg secular 
variations as known quantities, and substitute them in the 
eliminating equations for the solai elements which aie derived 
from the normal equations foi each planet By this substitu 
tion, we reach three fresh sets of values of the corrections of 
the solar elements themselves, one set fiom the observe tions 
of each planet, which are to be reduced to 1850 and combined 
with those already found from observations of the Sun, in 
order to obtain the most prob ible result 

Here we meet with the same dihicultj^ that coiifionted us m 
the case of the seculai vaiiations With the exception of the 
Sun’s mean longitude, we are to regard the results deiived 
from each of the planets as affected by obscuie sources of 
systematic error, the probable magnitude of which can only 
be inferred fiom the general deviation of the quantities them 
selves As in the former case, a is not legarded as a quantity 
independently deteinimed, but di'' has been taken instead 
The concluded value of a is then found by subtracting 61'/ 
from 4- ^ Since the coirections to the solar elements 
pertain to each separate epoch, those derived fiom the obsei 
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vations of the planets are severally reduced to 1850, and the 
results are shown in the following table : 

Separate values of the corrections to the solar eleynents for 1850^ 
after the above definitive values of the secular variations are 
substituted in the eliminating equatio7is from solution 
reduced to 1850. 


('i € 




u + dA-^ 

a 

From observations of — 

// 

// 

// 

// 

// 

// 

The Sun 

- ~ 30 

+ 05 

+ . 10 

00 

— . 02 

— .07 

Meicury 

- + 13 

+ .07 

+ 48 

—•47 

4- . 60 

“1” S3 

Venus 

- + 13 

— 17 

+ 06 

—.07 

+ • 34 

+ so 

Mars _ . 

- + 25 

+ 24 

- 83 

— . 82 

-j-l 18 

+ 94 

Adopted 

, — 20 

— 02 

+ . 12 

-.04 

+ 46 

-|~ 48 


These adopted values are employed in the subsequent stages 
of the discussion, but are not in all cases regarded as definitive. 
In the case of e the value — 0".20 is that which I have actually 
used in the subsequent determinations of the elements, but for 
the final value of the obliquity it will be seen that I have 
taken — 0'M5 as more probable. 
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MASSES OF THE PLANETS DERIVED BY METHODS INDE- 
PENDENT OF THE SECULAR VARIATIONS WITH THE 
RESULTING COMPUTED SECULAR VARIATIONS 

48 ThepUnof clisciibsion laid down m Chaptei I contem 
plates, tlie detennination of the masbeb of each of tlie planets 
from all data independent of the s>ecular variations, in order 
to deteimine how far the observed secular variations can be 
reconciled with these masses The following is a summary of 
these determinations The planets outside of Jupiter need no 
discussion as the well known determinations of their masses 
are amply iccurate foi all oui present puiposes 

Mas'i oj Jupitn 

4<) One of the woiks connected ivith the piesent subject has 
_ bem the determination of the mass of Jupiter from the motions 
of(3j), Polyhymnia My work on this subject has not yet been 
printed in full, but I have given in AHironomxsche Nachnchten 
No 3249 (Bd 136, S 130), a biief summary of the results The 
mass of Jupiter has been derived not only from the motions 
of Polyhymnia, but fioni such other sources as seemed best 
adapted to give a reliable result The following table, tran 
scribed fiom the publication in question, shows the separate 
results and the conclusions finally reached 

Recipiocal of mass of Jupitei from — 

All obseivations of the satellites. 

Action on Faye’s comet (Mollbr), 

Action on Themi« (Krubg-bb), 

Action on Saturn (Hill), 

Action on Polyhymnia, 

Action oil WiNNBOKE’s coiiiet (T Haejbdtl), 


1047 82 1 

1047 79 1 

1047 54 ■> 

1047 38 7 

1047 34 20 

1047 17 10 


1047 35 
me ± 0 065 

5690 N ALM 7 97 
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1 49 

It will be seen that the result from observations of tlie satel- 
lites has been assigned a very small weight. This course has 
been indicated by the circumstances. Other conditions being 
cqualj the greater the mass of a iilanet the less the propor- 
tionate iirecision with Avhich that mass can be determined by 
observations on the satellites. In any case, if the measures of 
the distances between the satellites and the primary aia^ in 
error by a small fraction, of their whole amount, then the 
error of the mass will be in error by the fraction of its 
amount. For reasons founded on the construction and use of 
the heliometer, I doubt whether the absolute measures made 
with those forms of that lustrumcnt wluch have been us(hI in 
determining the mass of Jiipiter can he relied upon within 
their three-thousandth part, if so, the determination of the 
mass of the planet itself would be doubtful by its thousandth 
part in each separate case. The chance of personal eipiatiou 
between transits of the satellites and the planet vitiates in the 
same way the results from observed transits of the planet and 
satellites. Isfotwithstanding the great retiiieiuent of the dis- 
cussion by Kempf of observations made at Potsdam, and the 
care with which he, SciiUR, and others have d(‘tcrmin(Hl the 
mass of Jupiter by a discussion of all the observations of the 
satellites, I can not conceive that the jirobable error of any 
possible result they could derive would be less than O.J or 0.4 
in the denominator. 

In this connection the discordances between the mass of 
Saturn, found by Prof. Hall and by other observers from 
observations of the satellites, are worthy of consideration. 
They lead us to suspect that perhaps It is through good Ibr 
tune rather than by virtue of their absolute reliability that 
determinations of the mass of Jupiter from observations of the 
satellites have agreed so well. 

As to the weights assigned to the other riisults, only the last 
needs especial mention. The probable error assigned by v. 
Haerbtl to his result is very much smaller than that which 
I find for the mean of all the results. But, as remarked in the 
paper in question, it has received a smaller relative weight 
than that corresponding to its assigned probable error, because 
of distrust on my part whether observations on a comet can 
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be considered as having always been made on the center of 
gravitj of a well defined mass, moving as if that center weie 
a mateual point subject to the giavitation of the Sun and 
planets This distrust seems to be amply justified by our 
general experience of the failure of comets to move m exact 
accordance with then ephemeiides 

I propose to accept the value thus found, 

Mass ot Jupitei = 1 — 1047 55 
as the definitive one to be used in the planetary theoiies 
Mass of Mars 

50 In consequence of the minuteness of the ma^s of Mais, 
measures of its satellites, especially the outer one, afford a 
value of its mass much better than can be derived by its action 
on tlie planets When nearest the earth, the major axis of the 
orbit of the outer satellite subtends an angle of 70" I can 
not think that the systematic eiioi to be feared in the best 
measures, such as those made by Prof Hall, c an be as great 
as half a second It therefore appears to me that the mean 
error in adopting Prof Hall’s value of the mass does not 
exceed its fiftieth part This is a degree ot precision much 
higher than that of any determination through the action of 
Mais on another planet 

Prof Halt’s measuies of 1892 show a minute mciease of 
the mean distance given by his work of 1877 The lesult is— 

v'" = -1- 0 014 

These observations, however, were made when the position of 
the orbit of the s.itellite was unfavorable to an exact deter 
mination of the elements of motion I have adheied to the 
original v<ilue m the work of the present chapter 

Mass of the JHatth 

51 I have already pointed out the difficulty in the way of 
detei milling the mass of the Earth from its action on the 
other planets On the othei hand, the solar parallax has, m 
recent yeais, been determined in various ways with such 
precision that the mass of the Earth to be used in the plan 
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etary theories can best be derived from it. Tbe theory of tbe 
relation between tbe mass of the Eartb and its distance from 
the Sun, as given by observations of the seconds pendiibiin 
and the length of the sidereal year, is one of the best estab- 
lished results of celestial mechanics. It is, in effect, the 
principle on which the lunar theory is constructed. In this 
theory the disturbing action of the Sun is necessarily a func- 
tion of the ratio of the mass of the Sun to that of the Earth. 
But in the accepted theory this ratio is eliminated throngli 
the ratio of the lunar month to the sidereal year. From the 
well-established ratio between the distance of the Moon and 
the length of the seconds pendulum, the ratio of the masses 
of the Sun and Earth come out of this theory ivith great 
precision. It need not be developed here; it will suflicc to 
give the numerical result, which is that between the ratio M 
of the mass of the Sun to that of the Earth and the mean 
equatorial horizontal parallax of the Sun in seconds of are 
there exists the relation 


M = [8.354931 

I have derived seven values of the solar parallax by diff'erent 
methods, of which the following are the preliminary results: 


Gill’s observations of Mars, 1877, 
Contact observations, transits of Venus. 
Aberration and velocity of liglit, 
ParallgiCtic equation of the Moon, 
Measures of small planets on Gill’s plan, 
Leverriee’s method, 

Measures of Venus from Sun’s center. 


" wt. 

8.780 i .020 1 

8.704 ± .018 1 

8.798^.005 If) 
8.799 ± .007 5 

8.807 ± .007 8 

8.818 ab .030 0.5 

8.857 


Mean result, n = 8".802 ± 0".005 


I have provisionally taken this mean as the most probable 
value of the solar, parallax derived from all sources except the 
mass of the Earth. The above relation then gives 


M = 332 040 
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Taking foi the mass of the Moon 1 — 81 52, we have for the 
ratio of the combined masses of the Earth and Moon to the 
mass of the Sun * 


a result of which the probable error may be regarded as some 
thing more than i thousandth jrart of its whole amount 


Mass 0 / Veniis 

53 The mass of Venus adopted in the provisional theory, 
to which Levereiee’s tables were reduced, was 000 002 4885 
= 1 — 401847, which is that of Leveerier’s tables of Mer 
cury In the preceding discussions the following three factors 
of correction to this mass have been found 


From observations of the Sun 
Fiom obseivations of Mercury 
Prom observations of Mar s 
Mean 


— 0118 ± 0034 

— 0121 ± 0050 

— 0076 ± («) 

— 0119 ± 0028 


The mean erroi assigned to the result from observations of 
the Sun may be regarded as real, because the result is the 
mean of a great number of completely independent determina 
tions, among which no common error is either a prion prob 
able or shown by the discordance of the results In the 
case of Mercury, however, as already remarked, the effect of 
systematic errors is such that, although they aie almost com 
pletely eliminated from the result, the mean error computed 
in the usual way would be misleading The weight assigned 
IS therefore largely a matter of judgment 

The fact that it was necessary to introduce an empirical 
correction, with a period of about forty years, into the mean 
longitude of Mars, vitiates the determination of the mass of 
Venus from its action on that planet, because one of the prin 
cipal terms in the action of Venus on Mars has a period which 
does not differ fiom forty yeais enough to make the deteimi 
nation of the mass independent of this empirical collection 
I have therefore assigned no weight to the result We thus 
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have for the mass of Venus, as derived from tlie periodic per- 
turbations of Mercury and the Earth produced by its action. 

m' = 1-400 090 ± 1140 

Mass of Mercury. 

53. The mass of Mercury which 1 have heretofore adopted, 
1-1- 7 500 000, was rather a result of general estimate than of 
exact computation. The fact is that the determinations of 
this mass have been so discordant, and varied so much with 
the method of discussion adopted, that it is scarcely jiossible 
to fix upon any definite number as expressive of the mass. 
An examination of Leverriek’s tables of Venus shows that 
witli the mass of Mercury there adopted (1:3 000 000) Mercury 
frequently produces a perturbation of more than one second 
in the heliocentric longitude of Venus. When the latter is 
near inferior conjunction, the actual perturbation will bo more 
than doubled in the geocentric place, so that the latter might 
not infrequently be changed by V'^ even if the mass of Mer- 
cury be less than one-half Levbrrier’s value. It was there- 
fore to be expected that a fairly reliable value of the mass of 
Mercury would be obtained from the periodic perturbations 
of Venus. 

Eeferring to §27, it will be seen that the ind(‘-terminato mass 
of IVlercury appears in the eiiuations in the form 

1 -|- 7/i 
3 000 000 

From the solution B, § 38, the value of }x comes out 

— 0:0834 

corresponding to a mass of Mercury of 1 : 7 210 OOO. in 
a subsequent solution of the equations, when the secular vari- 
ations are determined from theory and substituted in the 
normal equation for yw, we hud 

yu = — 0.0889 

which gives 

m = 1 ^ 7 943 000 ' 

The work of the present chapter is based on the former 
value. 
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A coB^deratian of the probable error of this result is impor 
taut The fortuitous errors which mostly affect it are of the 
class which I have termed semi systematic Undei this term I 
include that large class of errors which, extending through or 
injuiiously affecting i limited series of observations, cause the 
probable error of a result to be largei than that given by the 
solution of the equations, but which, ne^ ei theless, like puiely 
accidental ones, would be eliminated fiom the mean lesult of 
an infinite senes of obseivations To this class belong the 
eirois aiising from peisonal equation in observing the limb of 
Venus, 01, what is the same thing, a difterence between the 
practical semidiameter corresponding to the obseiver and that 
adopted m the reductions We may suppose that, during a 
period of several days, when Venus is not far fiom inferioi 
conjunction, its geocentric position is affected by a x>eituiba 
tion produced by Meicury Through the eiioi alluded to, all 
the observations made b} anyone obser^ei and in fact all 
that aie made anj/ where, may be attected by a certain con 
stant erioi in Right Ascension IsTear anothei infeiioi con 
junction the same state of things may be repeated, with the 
peituibation in the opposite diiection If, now, the obseiva 
tioDS were made by the same obsei\ei, and undei the same 
ciicumstances, the peisonal eiroi would be eliminited fiom 
the mean of these two results so fai as the mass of Mercuiy is 
concerned But very frequently different observers will have 
made the obseivations undei the two ciicumstances, and dif 
feient conditions will have prev ailed Thus, it is only through 
the general law of aveiages that we can expect the eftect of 
these fortuitous but systematic eriors to be completely elim 
inited That they voulcl be eliiumated in the long run is 
evident fiom the fact that theie can be no permanent rela 
tion between the personal equations of the observers and the 
changes in the action of Mercury upon Venus Moreover, 
Venus has been observed with a fair degiee of accuiacy 
thiough more than half a centuiy, and it seems leasonable 
to suppose that duimg that time the eriors in question would 
nearly disappeai 

It is deal from these considerations that the piobable 
error deiived fiom the solution of the equations would be 
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entirely misleading. But a probable error whicli ought to be 
reliable can be obtained by a process similar to that which I 
have adojited elsewhere in this paper, namely, dividing up the 
materials into periods, and determining the iirobable error from 
the discordances among the results of the several periods. 
This probable error will be reliable, because there is no reason 
why the same error should affect the mass of Mercury through 
any two periods. I therefore take the partial normal equa- 
tions in pi derived from Eight Ascensions during the several 
periods, substitute in them the values of the unknown quanti- 
ties found from solution B, pi excepted, and thus form six- 
teen partial normal equations in pi. These equations may be 
changed into the corresponding equations of condition, of 
weight unity, by dividing each by the square root of the 
coefficient of the unknown quantity. The residuals then left 
when the definitive value of the unknown quantity is substi- 
tuted will be those from whose discordance the probable error 
may be inferred. 

The partial normal equations thus found from the Eight 
Ascensions are as follow: 


1750-’()2. 

44 }A 

= ~ 38 

1830-’40. 

5649 pi = 

- 831 

1765-’74. 

12G5 

-1G5 

1840-’49. 

2913 

- 18 

1775-’86. 

15 

- 5 

184!)-’5G. 

2238 

- 49 

1787-’96. 

200 

-f- 53 

1857-’G4. 

4506 

- 129 

171)6-’06. 

345 

4- 10 

i865-’71. 

7736 

- 265 

1806-’14. 

439 

+ 135 

1871-’79. 

7062 

- 761 

1814-’19. 

942 

+ 2 

1879-’8G. 

4958 

- 407 

1820-’30. 

178G 

-330 

1885-’92. 

9561 

-1306 


Sum : 

49 GG8 pi = 

- 4095 




^ - 0.0824 A .010 

The difference between this value of yu, which is obtained 
only to find the probable error, and that formerly found, arises 
principally from the omission of the declination equations. 
The mean error corresponding to weight unity comes out 


4^'.2 
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whichy as anticipated^ is much larger than that which would 
be giten by the discordance of the oiiginal observations 
This does not mean that the original observations are affected 
by any such mean error as ± 4'^ 2, but that the discordances 
between the 16 values of /a. are as great as we should expect 
them to be if the oiigmal obseivations weie absolutely free 
from systematic eiror, but ahected by purely accidental errors 
of this mean amount 

The results of the solution for the mass of Meicuiy may be 
expressed in the form 


1 ±0 32 
7 210 


000 


and 


1±035 
7 943 000 


In all researches which have been made on the motion of 
Enoke’s comet by Encke, von Asten, and Backlund, the 
deteimmation of this mass his been kept in view The 
results are, howevei, so discoidant that, as already remarked, 
scarcely any definitive result can be derived from them 
To this statement there is, however, one apparent exception 
111 an appendix to his veiy careful and elaborate discussion of 
WiNNECKE’s comet, VON Haeedtl has derived the value of 
the mass of Meicuiy from all the retuiii ot Encke’s comet as 
V orked up by von Asten and Baciclund The only inter 
pretation which I can put upon his lesult is this If we regard 
the acceleration of the comet, which it is supposed results 
from all the observations made upon it, as non existent, the 
following two masses of Meicuiy aie deii\able from the obsei 
vations 


1810-18(>8, m = 1 ~ 5 648 GOO ± 2000 
1871-1885, m = 1 - 5 669 700 ± 600 000 

He also finds, from the motion of Winneoke^s comet, 

m = 1 - 5 012 842 A 697 863 


^ Eenkscliiiften dei Ivuserlichen Akademie der Wissenscliaften, Vol 
56, p 172-175 Vienna, 18S9 
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and from four equations of Leveeeiee 

1-6 614 700 ± 100 000 

The consistency of these results seems to me entirely beyond 
what the observations are callable of giving, and I hesitate to 
ascribe great weight to them. Moreover, the result implicitly 
contained in these numbers, that the supposed secular accel- 
eration of the comet disappears when we attribute the pre- 
ceding mass to Mercury, merits farther imiuiry. 

The probable density of the planet may form a basis for at 
least a rude estimate of its probable mass. The fact that the 
Earth, "Venus, and Mars liave densities not very dilferent from 
each other, while that of the Moon is O.G the density of the 
Earth, leads us to suppose that Mercury, being nearest to the 
Moon in mass, has probably a slightly greater density. Its 
diameter at distance unity has been repeatedly measured and 
found to be 0".0, or, roughly speaking, three-eighths that of the ' 
Earth. Were its density 0.7, its mass would therefore be 
about 1 ; 0,000,000. In view of the fact that the measured 
diameter is probably somewhat too small, these consider- 
ations lead us to conclude that the mass is probably between 
1:6,000,000 and 1:9.000,000. 

As the value of the mass to be used in investigating the 
secular variations, I have adopted 


V = + 0.08 


Mas, of Mercury = 


Secular variations resulting from theory, 

54. In the Astronomical Papers^ Vol. Part IV, were coin- 
puted the secular variations of the elements of the orbits in 
question using, as the basis of the work, the values of the 
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maiSi&es whose reciprocals aie found in the column A below 
In column B are cited the masses which I have decided upon 


A B 



Original 
reciprocal 
of mass 

Adpofced 
reciprocal 
of mass 

V 

Mercury, 

7 500 000 

0 944 444 

+ 080 

Venus, 

410 000 

400 750 

+ 0080 

Eaith + Moon, 

427 000 

32S 000 

— 00305 

Mais, 

3 093 500 

3 093 500 

0 

Jupiter, 

1047 88 

1047 35 

+ 00050 

Saturn, 

3501 6 


0 

Uranus, 

22 756 


0 

ISleptune, 

19 540 


0 


In the case of the Earth we have to add the seculai varia 
tion of the peiihelion produced by the non spheiicity of the 
system Earth + Moon Foi the principal teim I have found, 

= + 0'^ 129 

The resulting values of the secular vai rations, expressed as 
functions of aie given in the following section 

TheoreUoal seculm mrtatious foy 1850 
Mcr( ury 


// // // // // // 


T>te 

= + 

4 22 

+ 0 007^ 

'+ 

2 8i^' 

'+ 

1 Iv" 


=+ 

4 24 

eDtTTi 

=+109 3() 

+0 00 

+' 

5()8 

+18 8 

+0 5 

= +-100 76 

Dt) 

= + 

6 70 

-0 04 

— 

0 0 

— 

1 4 

+ 00 

= + 

6 76 

sm i Dt ff 

= — 

92 12 

-0 33 

— 

19 3 

- 

12 2 

-12 

= 

92 50 





Venus 








// 

// 


// 


// 

// 


// 

I>te 

= — . 

9 58 

—1 307^+ 

0 Ot^' 

r 

4 9v'' 

^—O ^v'“ 

= — 

9 67 

eD* TTi 

= + 

0 39 

-0 81 

+ 

00 


30 

+0 5 

= + 

0 34 

Dt^ 

= + 

3 43 

+0 76 

+ 

00 

+ 

00 

-0 3 

= + 

3 49 

sin 

= — 

105 92 

+0 20 

— 

29 2 

— 

43 2 

-1 2 

= — 

100 00 
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Dte 
^ D, zr 
Dte 


Dte 
eDt TTi 

sin i l)t 


Earth. 

// // // 

= 8.57 -0.12^4- 1.3/-' 

= + 19.36 -O.IS + 5.8 
= 4(].G5 -0.21 -28.3 


// 

— 1.6?-'" 
+ 1.G 
-0.7 


Mars. 

// // // // // 

= + 18.71 4-0.03^4- 0.1t-'4- 2.1/^" 

^ + 148.82 4-0.06 4 - 4.6 +21.4 
= 2.34 -0.04 +12.0 + 0.0 +0.0/-'" 

= - 72.43 -0.27 -25.1 - 7.4 -1.0 


- 8.57 
+ 19.39 

- 46.89 


+ 18.71 
+ 148.80 

- 2.25 

- 72.63 
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EXAMINATION OF THE HYPOTHESES BY WHICH THE 
DEVIATIONS OF THE SECULAR VARIATIONS FROM 
THEIR THEORETICAL VALUES MAY BE EXPLAINED 

55 The investigations ot the piesent chapter aie founded 
on a comparison of tlie seculai variations deiived purely from 
observations in Chapter lY, with those resulting from the 
values of the masses obtained independentl;y of the secular 
variations in the last chapter For the sake of clearness^ 
these two sets of secular variations and their diherences are 
collected in the following table The mean eiiois assigned to 
the theoretical values are those which lesnlt from the prob 
able mean errors of the respective masses They are there 
fore not to be regarded as independent The mean errors 
given in the column of differences are those which result from 
a combination ot those of the other two columns The errors 
of the observed quantities must not, however, be pidged from 
those of the diffeiences, because subsequent changes in the 
masses of Meicury, Yenus, and the Earth may produce a 
general diminution in the discordances 

Observation Theoiy Difi ^ 

// // // // // // // 

Dte + 3 3t)-t;0 50 + 4 01 -0 88± 50 -0 86 2 

eDjTT +118 244:0 40 +100 70± 10 +8 48± 43 0 

Dtt + 714±0 80 + 0 76± 01 +0 38± 80 +0 38 IJ 

SintDt(9 - 9189± 0 45 — 93 50± 16 +0 Cl± 52 +0 23 2 2 

Vemis 

Dte - 9 404:0 20 - 0 674:24 +0 214: 31 +012 5 

eDtTT + 0 29 4 0 20 + 0 344 15 - 0 054 25 0 

Dti + 3 87 4 0 30 + 3 404 14 + 0 38 4 33 + 0 44 3^ 

sm^Dt0 -105 404 012 -100 004 12 + 0 604 17 + 0 52 8 
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Barth. 



Observation 


Tbeory. Eiff. 

A 

v^xv. 


// // 


// // // // 

// 


Dte - 

8.55 Jr 0.09 

_ 

8.57+. 04 +0.02+.10 +0.02 

10 

Dt + 

19.48±0,12 

"f 

10.38+ .05 +0.10 +.13 

. 


Dtf - 

47.11 Jr 0.23 

— 

40.80+.00 -0.22+.27 

^0.40 





Mars. 



Dt + 

19.00 Jr 0.27 

+ 

18.71+.01 +0 20+ .27 

+ 0.29 

3.'; 

eJy^Tt +140.55^:0.36 +148.80+ .04 +0.75+ ..35 

. 

0 

Dfi - 

2.20 Jr 0.20 


2.25+. 04 -0.01 + .20 +0.08 

5 

siu i Dt — 

72.00 rk 0.20 


f 2.03+ .00 +0.03+.22 

-0.17 

5 


If we multii)ly the mean errors ^iveii by 0.(>745, to reduce 
them to probable errors, we shall see that only four ol' the 
fifteen differences are less than their probable errors. The 
deviations which call for especial consideration are the follow- 
ing four : 

1. The motion of the perihelion of Mercury. The discord- 
ance 111 the secular motion of this element is well known. 

2. The motion of the node of Venus. Here the discordance 
is more than five times its probable error. 

3. The perihelion of Mars. Here the discordance is thre(* 
times its probable error. 

4. The eccentricity of Mercury. The discordance is more 
than twice its probable error. It is to be remarked, however, 
that the probable error of this quantity is very largely a 
matter of judgment, and that its value may have been under- 
estimated. 

The deviations, if not due to erroneous masses, may be 
explained on two hypotheses. One is that propounded by 
Prof. Hall,* that the gravitation of the Sun is not exactly as 
the inverse square, but that the exponent of the distance is a 
fraction greater than 2 by a certain minute constant. This 
hypothesis accounts only for the motions of the perihelia, and 
not for any other discordances. 

The other hypothesis is that of the action of unknown 
masses or arrangements of matter. Since the latter hypothesis 

^Astronomical Journal^ Vol. XIVy p. 7 
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55, 56] 

'Would account for other motions than those of the perihelia, it 
might seem that the existence of the other discordances 
tells very strongly m its favor The hypotheses of possible dis 
tributions of unknown mattei, theiefoie, have first to be con 
sidered * 


Hypothesis of non sphey imty oj- the ^nii 

56 In a case wheie oui ignorance is comiilete, all hypotheses 
which do not \iolatc known facts aie admissible Beginning 
at the (entei and passing outwxrd, the hrst question aiise'> 
whether the action may not be due to a non splieiical distii 
bution of matter within the body of the Sun, resulting m an 
excess of its polar o\ er its equatorial moment of inertia The 
theory of the Sun which has in recent times been most genei 
ally accepted is that its interior may be i eg aided as gaseous, 
or rather as x form of matter which combines the elasticity 
and mobility of a gas with the density of a liquid Such 
being the case, we may conceive that voitices of which the 
axes coincide with that of lotation may exist in the mteiioi 
in such a way that the surfaces of equal density are non 
spherical A very small inequality of this sort would suffice 
to account for the motion of the perihelion of Mcicuiy 

This hj^pothesis admits of ni eas> test WhiTevei be the 
nature or amount of the inequality, a simple computation 
shows th it to account foi the observed phenomenon it is 
necessary and sufficicnl; that the equipotential suifxces at the 
surface of the Sun should have an ellipticity of lathermore 
than half a second of aic It can not, I conceive, be doubted 
that the visible photosphere is an equiiiotcntial suiface We 
have then to mquiie whethei time is any such ellipticity of 
the iihotospheie as that icqniied by the hypothesis This 
question seems completely set at rest by the great mass of 
liehoinctei measuies made by the German observeis in con 
nection with the transits of Venus of 1871 and 18813, which 
have been discussed by llr Axjwfrs The gcneial lesultis 

^Altei cirr>mgout tlio in\ cstigations ot this diiptei, I liiicl that the 
subject was studied ou suiular lines 1)\ Dx P Hah/i r neai]y three yeais 
ago, and that I made certain suggestions on the subject to Dr Bauscii 
INGEK ten yens igo Seo Astronomsche Nachichtenj Vol 109, p 32, and 
Vol 127, p 81 
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that the mean of the equatorial measures are slightly less tha,Tt 
the mean of the polar measures, the difference, however, being- 
within the probable errors of the results. I conclude that 
there can be no such uon-symmetrical distribution of matter 
in the interior of the Sun as would jiroduce the observed effect. 

This same conclusion seems to apply to matter immediately 
around the photosphere. An equatorial ring of planetoids, or 
gaseous substances of the required mass, very near the photo- 
sphere, would render the equipotential surfaces of the photo- 
sphere elliptical to a degree which seems precluded by the 
measures in question. At a very short distance from the sur- 
face, however, the effect would be inappreciable. 


Eypothesw of an intra-mercurial ring or group of planetoids. 

57. Passing outward, we have next to consider the hypothe- 
sis of an intra-mercurial ring adequate to produce the observed 
phenomena. In a first approximation we may suppose the 
ring circular. Its mass can not be determined, because it will 
depend upon the distance^ we have to determine a certain 
function of the mass and distance adequate to produce the 
observed motion of the perihelion. Then we must inquire what 
effect the ring will have on the secular variations of the other 
elements, both of Mercury and of the other planets, and see if 
these effects can be reconciled with observation. In the com- 
putations I have assigned to the excess of motion the pro- 
visional value 40".7. If the ring is not very distant from the 
Sun the motion which it will produce in the perihelion of a 
planet whose mean motion is n and whose mean distance is a 
may be represented in the form 


}j. being a function of the mass of the ring and of its radius, 
which is nearly the same for all of the planets, so long as the 
radius of the ring is only a small fraction of the distance of 
Mercury. A first approximation to p is— 


3 

/! = m r 

4 
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m being the ratio of its mass to that of the Sun and r its radius 
Multiplying these motions in the case of the four planets by 
their eccentricities, ■we And that the hypothetical ring will 
pioduce the following secular vaiiations 


Mercury, 

D, TT ^ 40 7, eJ)t7r 

= 8 3S 

Venus, 

46 

0 031 

Eaith, 

15 

0 025 

Mais, 

0 34 

0 031 


Owing to the smallness of the eccentricities the effect is 
insensible, except in the case of Mercuiy, so that the ring will 
not ac( ount for the observed excess of motion of the perihelion 
of Mars 

Such a ring will necessaiily pioduce a motion of the plane 
of the oibit of Mercuiy oi Venus, oi of both, because it can 
not lie 111 the plane of both orbits 
Let us put for its inclination to the ecliptic, and 6^ for the 
longitude of its node on the ecliptic, and let us put, also, 

j>i = h Sin 6i 
qi = t, cos Bx 

and let p, , g’, </', be the corresponding quan 

titles foi the planets The theory ot the seculai variations 
then shows that the ring will produce a motion of the plane of 
the orbit of Mercury given by the equations 

(«i - 'J) = 40" 7 (q, - q) 

a” 

Expressing the motions of p and q in teims of the motions of^ 
and B, which is necessary, owing to the very ditterent weights 
of the determination of the motion of the plmes of Mercury 
and Venus in the diiection of tliese two cooidiuates, we have 
5()90 N AIM S 
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the following expressions for these two motions, which 
equate to the observed excesses ;* 

,, // // 

— 4.96 4- 26.9 — + 0.57 ± 0.50 

— 0.27 + 0.8 + 3.0 = 4- 0.63 4 0.12 

0.00 4 28.4 — 26.9 = 4- 0.50 4 0.80 

0.00 4 3.0 — 0.8 = 4 0.45 4 0.30 

0.00 0.0 — 1.5 = — 0.25 4 0.25 

Multiplying the conditional equations thus formed by m 
factors as will make the mean error of each equation nc-s 
4 0".5, we have the following conditional equations fc» 
and 

// 

27 4 28|)i = 4 5.53 

3 4 12 4 3.60 

17 - 16 =4 0.30 

5-1 =4 0.77 

0 - 3 = - 0.50 

The solution of these equations gives very nearly 

= 4 0.11; i\ = 9° 

jPi = 4 0.12; (9i=48 

This great inclination seems in the highest degree improl i 
if not inechaiiioally impossible, since there would boa t- 
ency for the planes of the orbits of a ring of plani't" 
situated to scatter themselves around a plane somcw 
between that of the orbit of Mercury and that of the itt ’ 
able plane of the planetary system, which is nearly the ** 
as that of the orbit of Jupiter. Moreover, the motion 
perihelion of Mars is still unaccounted for and that of 
node of Venus only partially accounted for, as shown It.'i 
large residual of the second equation. In fact, the great i 
nation assigned to the riiig-comes from the necessity of in 
seating as far as possible the latter motion. 

*It WTllbe noticed that in formiug those equations I liavo iioitli«»il 
the final values of the absolute terms, nor taken account of the ftw* 
the observed motions of the planes are referred to the ecliptic. < 'l» 
thus produced in the equations are too ininiite toaftect the concliiin* 
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Theie would of course be no dynamical impossibility m the 
hypothesis of a single planet having as great an inclination as 
that lequiied But I conceive that a planet of the adequate 
mass could not have i emamed so long undiscovei ed Whether 
we legard the matter as a planet or a ring, a simple computa 
tion shows that its mass, if at the Sun’s surface, would be 

about that of the Sun itself, and one foiiith of this if at a 

dist nice equal to the Sun’s radius We ina;^ conceive, if we 
can not compute, how much light such a m iss of mittei would 
reflect Altogethei, it seems to me that tie hypothesis is 
untenable 

JB[y]^ot'hes%s of an extended mass of diffused matter Jile that ivhich 
reflects the zodiacal light 

58 The phenomenon of the zodiacal light seems to show 
that oui Sun is suriouuded by a lens of diffused matter which 
6\tends out to, oi a little beyond, the orbit of the Baith, the 
density of which diminishes very lapidly as we recede from 
the Sun The question arises whether the total mass of this 
matter may not be sufflcient to cause the observed motion 

So fai as the action of that portion of mattei which is near 
the Sun is concerned, the conclusions just reached lespecting 
a ring sui rounding the Sun will apply unchanged, because we 
may regard such a mass as made up of imgs Observation 
seems to show that the lens iii question is not much inclined 
to the ecliptic, and if so it would pioduce a motion of the 
nodes of Venus and Mereuxy the opposite of that indicated 
by the observations 

There is anothoi serious diffli ulty in the way of the hypoth 
esis A diieet motion of the perihelion of a planet maybe 
taken as indicating the fact that the increase of its giavitotion 
toward the Sun as it passes horn aphelion to perihelion is 
slightly greater than that given by the law ot the inverse 
square This increase would be produced by a iiug of matter 
either wholly without or wholly within the orbit But if we 
suppose that the orbit actually lies in the matter comoosing 
such a ling, the effect is the opposite, gravitation towaid the 
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Sun is relatively diminished as the planet passes from aphelion 
to perihelion, and the motion of the perihelion would bo retro- 
grade. 

It can not be supposed that that of the zodiacal light 
more distant from the Sun than the aphelion of Mercury is 
even as dense as that portion contained between the aphelion 
and the perihelion distances. The result in question must 
therefore be due wholly to that part of the matter which lies 
near to the Sun, and we thus have all the dimculties of the 
intra-mercurial ring theory, with one more added. 

Hi/pothesis of a rmg of pUmetoids hetweoi the orhitn of Mercury 

and Venus, 

59. It appears that any ring or zone of matter adequate 
to produce the observed effect must lie between the orbits of 
Mercury and Yenus. Its assignment to this position requires 
a more careful determination of its possible eccentruiity. 
There will be six independent elements to be determined; 
the mass, the mean distance, the eccentricity, the perihelion, 
the inclination, and the node. 

I find that the observed excesses of motion of the elements 
of Mercury and Venus will be approximately represented by 
elements not differing much from the following: 


Total mass of group .... 

1 

Mean distance 

37 000 000 
0.48 

Eccentricity of orbit ....... 

0.04 

Longitude of perihelion 

lOo 

Longitude of node 

850 

Inclination to ecliptic* 

70.5 

Probable diameter at distance unity if 
agglomerated into a single planet . 

3^'.5 


Oonsiderations on the admissibility of the hypothesis— Possible 
mass of the minor planets. 

60. Although the preceding hypothesis is that which best 
represents the observations of Mercury and Yenus, we can 
not, in the present condition of knowledge, regard it as more 
than a curiosity. True, it is plausible at first sight. Since, 
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as ilready remarked, any disturbing body of sufficient mass 
to cause tbe observed excess of motion of the perihelion of 
Mercuiy would change the position of the planes of the orbits, 
and since obseivations give apparent indications of such a 
ch inge in the i>lane of the oibit of Venus, it might appeal 
that we have here a very good ground bu the view that all 
the motions aie due to the atti action of unknown masses 
But the great difficulty is that the excess ot motion of the 
orbital planes is in the opposite diiection from wh it we should 
expect A group of bodies levolving iioai the plane of the 
ecliptic would produce a retrograde motion of the nodes But 
the observed excess is direct A direct motion can be pro 
dueed only in case the orbits are moie inclined than those of 
the disturbed planet In admitting such oibits we encounter 
difficulties which, if not absolutely insuimountable, yet tell 
against the piobibility ot the hypothesis 
Tliehypotliosis (allies with it the pi obable result that the 
excess of motion of the peiihelion of Mais ispioduced by the 
action of the minor planets I have consideied the ciuestion 
of this action in an unpublished investigation Fi om the prob 
able albedo and magnitude of the minor planets and the obser 
vations of Barnard and others on tlunr di imetcrs, 1 imvo 
detei mined the probable mass ot each p utof the group having 
a given opposition magnitude The result is that the numbei 
of these bodies having such a magnitude ajipears to progress 
in 1 1 urly uniform niannei through several in igniriides The 
latio of piogiession may he anywhere between the limits 2 
and 3 Up to the limit ? the total mass, if continued on to 
infinity , could not jii educe any ippiec lable effect on the motion 
of Mais But If we suppose a larger ratio than 3 to prevail, 
the 11 tlie niimbei of planets of smaller magnitude would be so 
iiumeious as to foim a zone of lighi* across the heavens, as may 
leadily be seen by considering that the totil imountof light 
reflected fiom the planets of each oidei of magnitude would 
foim m increasing senes, since the iitio between thebiilliaii 
( les of two objec ts of unit dilleience in imignitude is only 
about 2 5 Weinay theiefore suppose that the faint band of 
light which IS said to be visible acioss the entire heavens as 
a continuation of the zodiacal light, as well as the “gegen 
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schein,” is due to these minute bodies, and yet find tlieir total 
mass too small to produce any appreciable effect. 

Whether we can assign to the comxionents of such a group 
any magnitude so small that they would be individually invis- 
ible, and a number so small that they would not be seen 
collectively as a band of light brighter than the zodiacal arch, 
and yet having a total mass so large as to produce the observed 
effects, IS a very important question which can not be decided 
without exact photometric investigations. It is, however, cer- 
tain that if we could do so we should have to suppose a very 
unlikely discontinuity in the law of jirogression between each 
magnitude and the number of bodies having that magnitude. 
It must therefore suffice for our present object that we regard 
%he hypothesis of such bodies as unsatisfactory. 

Hypothesis that gravitation toward the sun is not emctly as the 
inverse square of the distance, 

61. Prof. Hall’s hypothesis seems to me iirovisionally not 
inadmissible. It is, that in the exxiression for the gravitation 
between two bodies of masses m and m' at distance r 

Porce=^^^ 

the exponent n of r is not exactly 2, but 2 + d, d being a very 
small fraction. This hypothesis seems to me much more 
simple and unobjectionable than those which suppose the 
force to be a more or less oomphcate(I function of the relative 
velocity of the bodies. On this hypothesis the perihelion of 
each planet will have a direct motion found by muittplying its 
mean motion by one-half the excess of the exponent of gray- 
itatioTi. 

Putting 


n = 2.000 000 1574 

the excess of motion of each perihelion of the four inner 
planets would be as follows. It will be seen that the evidence 
in the case of Venus and the Earth is negative, owing to the 
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very sm<ill eccentricities of then orbits, while the obseivecl 
motaon in the case of Mars is very closely rcpicsentcd 


DtTT ^DtTT 

// // 

Mci<ui\, 41 U cS7() 

Venus, 1(> is Oil 

Kuth, 10 JO 0 17 

Mats, 5 1J 0 51 


An iiuleiieiulent test ol tins hypothesis in the (vase of othoi 
bodies IS vei\ clesiiablo The only ( ase m which there is any 
hope of determining such an excess is that of the Moon, where 
the excess would amount to about 140'' ])er century This is 
very nearly the hundred thousandth put of the total motion 
of the perigee The theoietual motion li is not yet been com 
piited w itb <iuite niisdegui ol pucision Thc^ only dotermi 
nitionwhuli unis it it is tb if made by Hansi n * finds 

lhe()i> Obsts DiO 

// // ff 

Annual mot of perigee, 110 434 04, 146 135 00, +156 

Annual mot of uodii, —09 670 76 —09 (>79 (>2, —2 86 

The observed excess of motion agrees well with the hypoth 
esis, but loses all sustaining force from the disagreement m 
the ( iisci of the node The diffeiencos llANBEN attnbutes 
(vrongly, I thinh) to the dcwiation of the tigure of the Moon 
from mechanical sphciieity 

Oonmtemy of HalPs hypoihisis nith tiu (jtnual ytHUlts oj ihs 
low of (/} avitation 

i)J The hiw of the invetse square is proven to a high degree 
of approximation through a wide range of distances The ( lose 
agreement between the observed jiaiallax ot tlu^ Moon and 
that derived from thefoiceof gnivitation on the Kaith’s snr 
face shovs that bet\\(‘en two distaiues, one the radius of the 
EaithiUidthe othm the distaiueoi the Moon, the deviation 
from the law of the sipiaie can be only a small fraction of tlie 

^ IkoUquHij, (U ihhandhungen (In Math PhifB Clam dtt hon S<((hm 

Bchen Geseltaohaft dn Wimnsdiafttn, vi, p 348 
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tbonsandtli part, or, we may say, a quantity of tlie order of 
magnitude of tlie five-thousandth part. 

Coming down to smaller distances, we find that the close 
agreement between the density of the Earth as derived from 
the attraction of small masses, at distances of a fraction of a 
meter, with the density which we might priori suppose the 
Earth to have, shows that within a range of distance extend- 
ing from less than one meter to more than six million meters, 
the accumulated deviation from the law can scarcely amount 
to its third part. The coincidence of the disturbing force of 
the Sun upon the Moon with that computed upon the theory 
of gravitation, extends the coincidence from the distance of 
the Moon to that of the Sun, while Kepler’s third law 
extends it to the outer planets of the system. Here, however, 
the result of observations so far made is relatively less pre- 
cise. We may therefore say, with entire confidence, as a 
result of accurate measurement, that the law of the inverse 
square holds true within its five- thousandth part from a dis- 
tance equal to the Earth’s radius to the distance of the Sun, a 
range of twenty-four thousand times j that it holds true within 
a third of its whole amount through the range of six million 
times from one meter to the Earth’s radius j and within a 
small but not yet well-defined quantity from the distance of 
the Sun to that of Uranus, in which the multiplication is 
twentyfold. 

If Hall’s hypothesis contradicted these conclusions it would 
be untenable. But a very simple computation will show that, 
assuming the force to vary as d being a minute con- 

stant sufficient to account for the motion of the perihelion of 
Mercury, the effect would be entirely inappreciable in the ratio 
of the gravitation of any two bodies at the widest range of 
distance to which observation has yet extended. Although 
the total action of a material point on a spherical surface sur- 
rounding it would converge to zero when the radius became 
infinite, instead of remaining constant, as in the case of the 
inverse square, yet the diminution m the action upon a surface 
no larger than would suffice to include the visible universe 
would be very small. 
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Masses of the planets wh%ch represent the secular variat%ons of 
other elements than the perihelia 

63 On Hall’s hypothesis the seciilai variations of all the 
elements othei than the perihelia will remain unchanged 
Our next pioblem is to considei the possibility of lepiesent 
ing the vaiiations of the othei elements by admissible masses 
of the known x)lanets In § 55 I ha\e given a comiiaiison of 
the seculai vaiiations as they lesiilt fioin obsei\atioiis, with 
then theoretical expiessions m terms of collections to a cei 
tain system of masses When the equations thus formed are 
multiplied b\ the factois which make the mean erroi of 
each equation unity, we have the following system of equa 
tions, in which we put k = 10 r 


0^ 

+ 6 7 /' 

+ 2 j" 

+ O 7 '" 

= -17 

» = - 18 

0 

- 1 

— 2 

0 

= +05 

+ 0 6 

— 7 

-lOS 

- 27 

- 1 

= + 06 

+ 11 

—65 

0 

- 24 

- 1 

= + 06 

+ 07 

+25 

0 

0 

- 1 

= + 16 

+ 13 

+^1 

-234 

-346 

-10 

= -I- 42 

00 

-12 

+ 13 

0 

-16 

= + 02 

+ 01 

- 9 

-123 

0 

- 3 

= -20 

-07 

+ 1 

0 

+ 3 

0 

= +11 

+ 13 

- 2 

+ 60 

0 

0 

= + 04 

-02 

-14 

-126 

- 37 

- 5 

= -08 

-02 


The resulting noimal equations aie 

5766 1563 7^'- 49917/''+ 140 k'" = + 114 

-1563 + 101231 + 88556 + 3155 =- 670 

-4991 + 8S556 + 122462 +3750 =- 1446 

+ 140 + 3455 + 3750 + 401 = - 39 


Along with the lesults of the solution of these equations I 
place, for comparison, the A^alues of Chapter Y, which have 
been considered most probable 


rxom 6.ec -v ai 

10 I = i = -f 0 070 

7 ' = + 0 0100 ± 0066 

v" = - 0 0183 ± 0052 

v'" = _ 0 0116 ± 067 


I rom othei sources 
+ 0 08 ± 0 20 
+ 0 0084 i: 0 0028 
- 0 00304 ± 0 0016 
+ 0037 ±0 018 
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By substitution in the conditional equations we find for the 
mean error corresponding to weight unity—* 


^1=4: 1.14 

In forming these equations they were reduced by multipli- 
cation to a supposed mean error of i 1. Speaking in a 
general way we may therefore say that the representation of 
the secular variations, those of the perihelia being ignored, 
by these corrections to the masses is satisfactory. Except for 
the large discordance in the motion of the eccentricity of 
Mercury the mean error would have been less than unity. 

Comparing the two sets of values we find that the masses 
of Mercury, Yenus, and Mars agree well with those derived 
from other sources. Very different is it with the mass of the 
Earth. The discordance is here more than the hundredth 
part of its whole amount, which involves a discordance of 
more than the three-hundredth part in the value of the solar 
parallax. Let us now proceed in the reverse order, and deter- 
mine the value of the solar jparallax from the mass of the Earth, 
as derived from the preceding data. 

Preliminary adjustment of the ttvo sets of masses, 

64. We make the best adjustment for this iiurpose by adding 
to the equations of condition last given the additional ones 
derived from the values of the masses discussed in Chapter Y. 
Multiplying eaeh value of v by the factor necessary to reduce 
the mean error of the second member of the equation to unity, 
we have the following conditional equations: 

50 = + 0.4 

360 r' =: + 2.9 

50 = 0.0 

30 = + 0.42 

Of the last two equations it may be remarked that the first is 
that given by Prof. Hall’s original mass of 1877, while the 
last is derived by Dr. Harshman from Hall’s observations 
of the outer satellite made during the opposition of 1892. 
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When we add to the normal equations already foimed the 
products of these last equatioiis by the factors of the unknown 
quantities, the system of noimal equations is as follows 


8266 a? 

- 1563 7^' 

- 4991 

+ 140 7^'^' 

= +134 

->1563 

+230831 

+ 88556 

+3455 

= +374 

-4901 

+ 8855G 

+ 122402 

+ 3750 

= -1446 

+ 140 

+ 3455 

+ 3750 

+ 3S01 

= -26 

The solution ot these equations gives the folhnvin 

g values of 

the unknown quantities 





a? = 

+ 0 0071 ± 

0120 



y = 

+ 0 071 + 

120 



y! ^ 

+ 0 0084 + 

0024 



yf f 

- 0 0177 ± 

0035 



ylll^ 

+ 0 0027 ± 

010 



Heie again we note tint, the Earth aside, the lesnlts foi the 
masses aie quite satisfactoiy The coriection to Pi of Hallos 
original mass of Mars is so minute and so much loss than its 
probable error that we may consider this value of the mass to 
be confirmed, and may adopt it as definitive without question 
The coxrections to the masses of Mercuiy and Venus are scarcely 
changed The mean residual is reduced to 

f ± 0 91 

which IS less than the supposed value 
We have, therefore, so fai as these results go, no leason foi 
distrusting the following value of the solai paiallax, which 
results from that of the mass of the Earth thus derived 

tt = 8^^759 ± ^'010 

The critical examination and comparison of this and other 
values of the parallax is the work of the next tA\o chaiiters 
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VALUES OF THE PRINCIPAL CONSTANTS WHICH DEFINE 
THE MOTIONS OF THE EARTH. 

The Freeessional Constant. 

65. The accurate determination of the annual or centennial 
motion of precession is somewhat difficult, owing to its depend- 
ence on several distinct elements, and to the probable system- 
atic errors of the older observations m Eight Ascension and 
Declination. What is wanted is the annual motion of the 
equinox, arising from the combined motions of the equator 
and the ecliptic, relative to directions absolutely hxed in space. 
As observations can not be referred to any line or plane which 
we know to be absolutely fixed, we are obliged to assume that the 
general mean direction of the fixed stars remains unchanged, 
or, in other words, that the stellar system in general has no 
motion of rotation. This is a safe assumption so far as the 
great mass of stars of smaller magnitude is concerned. But it 
is not on such stars that we have the earliest accurate obser- 
vations. Moreover, observed Eight Ascensions of these 
fainter stars relative to the brighter ones are subject to possi- 
ble systematic errors, arising from the personal equation being 
different for brighter and fainter stars. In the case of the 
sthrs Observed by BuiiDLEY, there is frequently such commu- 
nity of proper motion among neighboring stars that we can 
not be quite sure that all rotation is eliminated in the general 
mean. Under these circumstances we have only to make the 
best use that we can of existing material. 

We must also remember that observed Eight Ascensions are 
not directly referred to the equinox, but to the Sun, of which 
the error of absolute mean Eight Ascension must be deter- 
mined. This again can be done only from observed declina- 
tions, since by definition the e(iuinox is the point at which 
the Sun crosses the equator. It is also to be noted that the 
clock stars which are directly compared with the Sun by no 
124 
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means include tlie whole list to be used as absolute points of 
reference W e therefore have three sepai ate steps in determm 
ing completely a correction to the adopted annual precession 

(1) The coirection to the Sun’s absolute mean Right Ascen 
Sion 01 longitude 

(2) The collection to the general mean Right Ascension of 
the clock stars relative to the Sun 

(3) The determination of the clock stais relative to the great 
mass of staiS 

It goes without saying that the deteiminations ot these tluee 
quantities aie entirely independent of each other j and that the 
precision of the result depends on the precision of each sepa 
rate determination 

The motion of the pole of the equator, on which the him 
solar precession depends, may be determined by observed 
Declinations quite mdeiiendently of the Right Ascensions A 
deteimination of the precession from the latter includes the 
planetaiy precession, but as this has to be deteimined from 
theory independently of observations, we have, iii obseived 
Right Ascensions and Declinations, two independent methods 
of determining the motion of the equator 

It foitunately happens that the constant of precession is 
not so closely connected with other constants that a small 
error in its determination will seriously affect our general con 
elusions, or the reduction of places of the fixed stars, because 
the eftect of an eiror will be nearly eliminated through the 
proper motions ot the fixed stais, or the motions of the planets 
in longitude I have therefore satisfied myself with leviewing 
and combining the four best deteiminations 

I pass over in silence the classic deteiminations of Bessel 
and Otto Struve because the material on which they depend 
has been incorporated in more recent works Of these the one 
which seems entitled to most weight is that of LuuwiGr Struve, 
Beshmmung der Gonstante der Frcecesswn, tend der eiqencn 

B6W€gu7ig dss ^ nnina -rtrrw'V -vxrocs o i i 

the completion of Auw] 
vations, and of the Puiv.. 

"^Mdmoires de PAcncl(?inie Imi 
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1855, and 1865. It depends entirely on tlie Bbadlet stars, 
and the result, when reduced to the most probable equinox, 
may be regarded as the best now derivable from those stars, 
or, at least, as not susceptible of any large correction. 

He, of course, includes in his work the determination of the 
motion of the solar system relative to the mass of the stars. 
In addition to this, the possibility of a common rotation of 
the Bradley stars around the axis of the Milky W ay is con- 
sidered. This rotation I should be disposed to regard as zero 
for the present. 

In place of considering each of the 2,509 stars singly, be 
divides the cele.stial sphere into 120 siihencal trapezoids, each 
covering 15 degrees in Declination, and an arc of Eight 
Ascension equal approximately to one hour of a great circle 
at the equator. The question might be legitimately raised 
whether a different system of weighting the trapezoids, founded 
on a consideration and comparison of the proper motions in 
Eight Ascension and Declination would not have been advis- 
able. I am, however, fairly confident that no change in this 
respect would have materially affected the result. With this 
work of Struve I have combined those of Boltb, Dreyer, 
and Eyr^in. 

In the case of the Eight Ascensions it is necessary to reduce 
all the results to the equinox determined in the last chapter. 
From this chapter it appears that the standard Eight Ascen- 
sions with which the reduction of the preceding investigations 
have been made require a correction to the centennial motion 
of +• 0".30. Eeducing each determination to the equinox thus 
defined, we have the following results for the general preces- 
sion in Eight Ascension at the epoch 1800 : 

L. Struve, from the comparison of 
Auwers-Bbadlby with tins modern 
Pulkowa Eight Ascensions . . . w = 46''. 0501; w = 4 


Dreyer, from the comparison of 
LaLande’s Eight Ascensions with 

those of SOHIELLERUP 46 .0611; mj = 2 

Nyr^in, by the comparison of Bessel’s 
Eight Ascensions with those of 

SoHJBLLERUP 46 .0466 ; w = 1 

Mean 16 .0626 
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The weights here assigned are of course a matter of judgment 
The general agreement of the results is as good as we could 
expect 

From observed declinations we h ive — 


L Struve, from the comparison of 
AuwERS Bradley with modem 
Piilkowa catalogues 
Bolte, from the comparison ot La 
LANDERS Declinations with those of 
SCHJELLERUP 
Mean 


n = 20^^0495, /r = 2 


20 0537,?iJ = l 
20 0500 


We have now to combine these independent results 1 pio 
pose to call ^recessional Constant that function ot the masses 
of the Sun, Earth, and Moon, and of the elements of the oibits 
ot the Earth and Moon, which, being multiplied by half the 
sine of twice the obliquity, will give the annual or centennial 
motion of the pole on a great circle, and being multiplied by 
the cosine ot the obliquity will give the luinsolai piecession 
at any time It is true that this quantity is not absolutely 
constant, since it will change in the course of time, through 
the diminution of the Eaith^s eccentricity This change is, 
however, so slight that it can become appreciable only after 
several centuries If, then, we put 
p, the processional constant, we have, for the annual general 
precession in Eight Ascension and Declination — 

m = p cos^ 6 — K sm L cosec f 
n=:V sin a cos a 


L being the longitude of the instantaneous axis of rotation 
of the ecliptic, and h its annual or centennial motion From 
the definitive obliquity and masses of the idanets adopted 
hereafter, we find the following values ot L, and foi 1800 
and 1850 


1800 

log 7i=: 1 07372, 

L = 173o 2' 31, 
23 27 92, 


1850 

1 (>7341 
1730 29 ' (>8 
23 27 53 
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We thus find the following values of p, the unit of time 
being 100 solar years: 

// 

From Eight Ascensions, P = 5490.12 j w = 2 

Erom Decimations, p = 5489.445 iv = 1 

Mean, p = 5489^^89 

As the data used in Steuve’s investigation may be con- 
sidered of a more certain kind than those used by the others, 
we may compare these results with those which follow from 
Struve’s work alone. They are 

// 

From Eight Ascensions, P = 5489.83 

From Declinations, P = 5489.06 

Giving double weight to the results from the Eight Ascen 
sions, the results may be expressed as follows: 

// 

From Struve’s investigation, p = 5489.57 
From the other two works, P = 5490,18 

Before concluding this investigation, I had adopted as a pre- 
liminary value 

P = 5489^'.78 

As this result does not differ from the one I consider most 
probable, 5489'^89, by more than the probable error of the 
latter, and diverges from it in the direction of the best deter- 
mination, I have decided to adhere to it as the definitive 
value. 

The centennial value of p is subjected to a secular diminu- 
tion of 0^^00364 per century, owing to the secular diminution of 
the eccentricity of the Barth’s orbit. We therefore adopt 

// rf 

p = 5489.78 — 0.00364 T for a tropical century, 
p = 5489.90 — 0.00364 T for a Julian century. 

In the use of p I at first neglected the secular variation, 
but have added its effect to the results developed in powers 
of the time. 
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Constant of nutation denned from observations 

66 Tlie determination of this constant from obseivations is 
extremely satisfactory, owing to the completeness with which 
systematic errois may be eliminated It, with a meridian 
instillment, legular obseiiatious aiemade thiough a draconitic 
peiiod, on a iinifoim plan, upon stars equally distributed 
thiough the circle of Eight Ascension, the observations being 
made daily through more than 12 honis ot Eight Ascension, 
all systematic errois iii the determination of the nadii point 
and ill having a diurnal oi annual period may be completely 
eliminated fiom the constant in question These conditions 
aie so nearly fulfilled in the observations with the Greenwich 
transit circle, and, to a less extent, in those with the Wash 
ington transit circle, that the results of the worlc with those 
two instruments alone aie entitled to gieatei weight than has 
hitherto been suiiposed I have, hovevei, discussed quite 
fully ill previous detenmnatious of which it seemed that the 
probable mean error would be less than ± 0" 10 

Eefeiiing to the volume on the subject to be hereafter pub 
lished, the results of the discussion are presented in the fol 
lowing table The weights are assigned on the supposition 
that V eight unity should correspond to a mean error of about 
± 0" 07, or to a probable error ot ± 0" 05, this probable value 
being not entirely a matter of computation from the discord 
ance of the separate results, but, to a certain extent, a matter 
of judgment 

It must be understood that the results below are not always 
those given by the authors who aie quoted, but that their dis 
cussion Iras, wherever possible, been subjected to a revision by 
the introduction of modern data, or by what seemed to me 
improved combinations Thus, EvKi^N’s equations have been 
reconstructed on a system slightly different from his, and have 
been corrected for Chandler’s variation of latitude Peters’s 
classical work has also been corrected by the introduction of 
later data, and by a re solution of his equations The Gieen 
wich and Washington results have been derived from the dis 
cussion 111 Astronomical Papers, Yol II, Part VI 
5600 N ALM 9 
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Values of the constant of nutation der wed from observations. 


Busch, from Bradley’s observations with 

the zenith sector 9.232 1 

Eobinson, from tlreenwich mural circles . . 9.22 1 

Peters, from Eight Ascensions of Polaris . 9.214 4 

Lundahl, from Declinations of Polaris . . 9.23G 1.5 

Nyr^in, from v Urs. Maj 9,254 3 

oDraconis 9.242 2.5 

“ 1 Dracouis 9.249 4 

Be Ball, from Wagner’s Eight Ascensions 

of Polaris 9.102 3 

Be Ball, from Wagner’s Beclimitions of 

Polaris 9.213 3 

Be Ball, from Wagner’s Eight Ascensions 

of 51 Cephei 9.252 3 

Be Ball, from Wagner’s Beclinations of 

51 Oephei 9.227 3 

Be Ball, from Wagner’s Eight Ascensions 

of Urs. Min 9.208 3 

Be Ball, from Wagner’s Beclinations of 

d Urs. Min 9.203 3 

Greenwich ITorth-Polar Distances of South- 
ern Stars, Series I 9.110 3 

Greenwich I^orth-Polar Distances of South- 
ern Stars, Series II 9.201 3 

Greenwich -N'orth-Polar Distances of North- 
ern Stars, Series I 9.204 4 

<3re«wich North-Polar Distances of North- 


ern Stars, Series TI . 

9.223 

4 

Wasbin 

gton Transit Circle, southern stars . 

9.217 

C 

u 

northern stars . 

9.177 

3 

^e^nwioh, Eight Ascensions of Polaris . . 

9.153 

2 

Ui 

,,, declinations of Polaris .... 

9.242 

2 


Bigiit Ascensions of 61 Cepliei . 

9.135 

2 

a 

decimations of 51 Oephei . . . 

9.102 

2 

a 

Eight Ascensions of S tJrs. Min. 

9.147 

2 

u 

Decimations of <STJes.' M in. . . 

9;235 

2 

u 

Eight Ascensions of A. Urs. Mm. 

9.161 

1 

a 

Declinations of A Urs. Min. . . 

9.339 

1 


Mean 


9.210 72 
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The mean error corresponding to weight unity \\hen deiived 
from the discordance of the lesiilts is i 0^^ 0()8, while the 
estimate was iO^'OTO We may theiefoie put, <is the lesiilt 
of obseivation — 

E' = O'' JIO ± 0" 008 

Relations between the con^ants of preetssio a and iiiittdion^ and 
the qnantiPes on nlnch ihnj d^poid 

07 The foimulcC of piecession and nutition ln\( ]k(u 
developed by Oppolzer with veiy great iigoi <ind ^^llh 
great numerical completeness as regards the ekmentH oi the 
Moon’s orbit, m the first volume of his BahnbtHtiimnnng dei 
Kometen iml Planeten, second edition, Jjcipzig, 1H8J What 
IS lemarkable about this Avoik is that it constant 1\ t ikes 
account of the possible difteience between the Ihnth’s axis 
of rotation and its axis of hguie, <i distnution whnh has 
become emphasized by Oiiandepr’s dis(o\(iy snue OPPOL 
ZER wiote His theoiy however fails to take a( count ot the 
change in the period of the Bulenan nutation produced by 
the mobility of the ocean and the elasticity of the Earth But 
this effect is of no imxiortance in tlie piesent disc ussion 

From Oppolzer’s develoxnnents, I hav(‘ dcuvod the follow 
ing exijressions, in which the numeiical (oefiiciontB be 
regarded as absolute constants, so accurately determined that 
no question of their errois need now be consideied These 
results hax^e been derived quite indexiendently of tlu^ sniulai 
ones by Mr Hiel in the Astronomical Jom nal, Yol \ I, whu h 
are themselves independent of Opi^on/ERks work In these 
formuke we have — 

N, the constant of lunar nutation of the obliquity of the 
ecliptic, as defined by the equation = N cos p , and 
expressed in seconds of aic, 

P, so much of the precession of the ocpiinox on (he fixed 
ecliptic of the date, in seconds of ai( <ind ui a fJuhan 
yeai, as is cine to the action of the Moon, 

P', so much of the same precession as is due to the a< tion 
of tin Sim 
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We thus have, 

luni-solar precession = P + P' 


f, the obliquity of the ecliptic; 

yu, the ratio of the mass of the Moon to that of the Earth; 
A, the mean moment of inertia of the Earth relative to axes 
passing through its equator; 

C, the same moment relative to its polar axis. 

With these definitions we have. 


General value. 


Special value for 1850. 


H =[5.40289] = [5.86542] 

P = [ 5.975052] cos e --iL.. — = [5.937685] ^ 

1 “j“ f~i ^ 1 — h /'f 0 


P' = [3.72509] cos £ 


0 - A 


= [3.68762] 


oi ^ ^ 


0 


The special values for 1850 are found by putting for the 
value of the obliquity of the ecliptic for 1850, 

5 = 220 27' 31".7 


The mass of the Moon from the observed constant of nutation, 

68. From the two quantities given by observation, ]!!7 and 
P + P' = these equations enable us to determine the two 

Q A 

unknown quantities pi and — . As the easiest way of 

O 

showing the uncertainty of the Moon’s mass, arising from 
uncCftainty of the precession and nutation, I give the value of 
its reciprocal corresponding to different values of these quan- 
tities in the following table: 

BebiproGals of the mass of the Moon corresponding to different 
\ . vdlms of the nutation-constant and luni-solar precess%on. 


A 

N = 9'A20 

N = 9// 21 

N 22 

// 

50 35 
50 36 

50.37 

81 81 
81.86 
81 91 

81 53 
81 58 

81. 63 

81 25 
81 30 

81 35 
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Taking for the constant of nutation the value lust found, 

IT = Q" 210 ± " 068 
and for the luui solai precession, 

= 50" 36 ± " 006 

we have, for the lecipiocal of the mass of the Moon and its 
mean eiror 

i = 81 58 ± 0 20 
M- 

The Constant of Aberration 

69 In the determination of astionoimcal constants the inves 
tigation of the const int of aheiiation necessai ily takes i \ eiy 
importmt place, not only on its own account but on ac count of 
its intimate connectioii with the solai p<u alhix A g< noi al 
deteimination, founded on ill the data -ivail ibk, w,is theicforo 
commenced by me as far back as 1890, before the fact of the 
variation of teirestrial latitudes had been well established 
The successive discoveries of the law of this variation by 
Chandlbe required such alterations in the w'ork as it went 
along that much of it is now of too little value foi publication 
in full Happily the necessity for a new discussion of the best 
determinations at Pulkowa has been done away with by the 
papers of Oiiandlee himself in the Astronomical Journal 
Quite apart from the disturbing influence of the involution 
of the terrestrial pole upon the deteimination of the constant 
of aberration, this constant is itself the one of which the detei 
mination is most likely to be affected by systematic errors 
In this respect it is at the opposite extreme from the constant 
of nutation From the very nature of the case it re(iiiires a 
compansonof observations at opposite seasons of the 'yeai, 
when climatic conditions are different In most cases the 
determination must even be made at diffeieiit times of day 
The effect of aberration on a star, foi examiile, is geiieially at 
one extreme when the star culminates in the moining, and at 
the other extieme when it culminates in the evening The 
culminations at opposite seasons of the year aie necessai ily 
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associated with ciiliiunations at opposite times of the day. 
Moreover, in observations to determine the constant of aber- 
ration from Declination, the stars which give the largest coeffi- 
cients are, for the northern hemisphere, those near of Right 
Ascension. Any error peculiar to the times or seasons at 
which these stars are observed will therefore affect the result 
systematically. 

Right Ascensions of close polar stars also lead to a value of 
this constant. But the same difficulty still exists. Tn this 
case the maxima and minima of aberration occur when tlm 
star culminates at noon and midnight. Not only is the aspect 
of the star different at tlie two culminations, but the effect of 
any diurnal change in the instrument will bo transferred to tlie 
final result for the aberration. 

The prismatic method of Lobwy is free from some of these 
objections. But its application is extremely laborious, and we 
have, up to the present time, only two determinations by it, 
one by Loewy himself, which is only regarded as preliminary, 
and one by Comstock, in which a large uncertain correction 
for personal eipiation was applied. 

Under these circumstances the seeking of results derived by 
methods of the greatest possible diversity is yet more strongly 
recommended than in the case of the other astronomical con- 
stants. I have therefore used not only the Pulkowa deter- 
minations, but all those made elsewhere which it seemed w'orth 
while to consider. Notwithstanding the great amount of mate- 
added to Nyb^n^s paper of 1883, it will he seen that the 
of the kml result at which I have arrived is 
greater than that which h4 assigns to his result. This is a 
natural consequence of combining so many separate determi- 
The advantage is, however, that the assigned prob- 
is more likely to be the real one. It is not to be 
systematic errors already indicated 
would 4^1b observers and to all instruments. The 

final outcome shoult be h result in which the discordances of 
the separate determinations show the probable values of all 
the actual eiTcwSy both accidental and systematic. 

Deter piinations founded on the Right Ascensions of circum- 
polar stars are not^aftbeted by the motion of the terrestrial 
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axis, nor aie those founded on declumtions ot these stais, if 
only the decimations aie observed equally at both < ulinina 
tions But deteiminatioiis founded on declmitions ol staxs 
fioni uppei culmination only aie necessaiily aMected by this 
cause If howe\ei the stais on which the deteinunatioii is 
hised extend thiough the whole ciiele ot Kight As< (Uision the 
effect of the cause in question in u lie ivholly elmiimited b^ <h 
suitable tieatrucntol the eqiiitions of (onditioii To])i atn illy 
eliminate tlie iiijuiious etku t it is nol even lu ( (^ss u v to dc ti i 
mine the exact law ot vuiation lu hut, il th< st<ns obsts v(d 
aieeqiially sc atteicdin Right As( ension, thectlett ot tlievaua 
tion will be partially eliminated without taking account ot it 

Chandler has shown that theie are two periodu teims m 
the variation of latitude, one having a iieiiod ot one u, the 
other ot foiii luindicd ind twent> s(^\eu (biys I may lemaik 
that this combination is in <ic(<)id with m> theoiy devc loped in 
the MonfJiIi/ Xofues of the Roijal I sk ooomnal Rot utf/ loi M m h, 
IcSOJ Itwas theie shown tliat any minute annual (hangi of 
the position ot the puncipal axis of inertia of the Earth — a 
change which might be produced by the motion of water, icCy 
and air on its surface — would appear as an annual term ui the 
latitude, si\ times as great as its actual amount 

Values oj- the oonstant of aherfatien derived from observahom^ 

70 What I have done since this discovery by CHANDLER 
his been to Kcvamine the deteimmations of the constant of 
aberration made from time to time, to make such (oiie( tions 
in their bases as seemed n(Hossai>, nid moie especially to 
deteirmne the coirectioii to b( applied to each separate result 
on iccourit of the peiiodic teim m the latitude No attempt 
was made to lework completely the original material, except 
in the case of the results of the Pulkowa and Washington 
observations with the prime vei tic al tiansit In the cusc^ of 
the former, however, the preliminary i esults i eac IuhI fiom time 
to time were so accoidant with those ol (Utandler that it is 
a mattei of indiheience whethei w^e legarcl them as belonging 
to his work oi to my own 

Owing to the very diffeient estimates placed by the astio 
nomical world upon the Pulkowa deteimmations and those 
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made elsewhere, I have used the former quite apart from the 
others. The complete discussion of each separate value is 
too voluminous for the present publication, and is therefore 
reserved for a more extended future publication. At pres- 
ent it appears sufficient to judge the final result by the general 
discordance of the material on which it rests, rather than by 
a separate criticism of each particular case. 

In the exhibit of results which follows it is to be remarked 
that ISTyr^in’s prime vertical observations do not receive a 
weight as great, relative to the other Pulkowa determinations, 
as would be given by their assigned probable errors. The 
reason of this course is that one can not be entirely confident 
that the results of any one observer with this instrument are 
free from constant error arising from differences of personal 
equation in observing a bright and a faint star. Many of the 
Pulkowa observations are necessarily made in the morning or 
evening twilight. In the case of an evening observation the 
star will therefore be much fainter on account of daylight 
when it transits over the east vertical than it will when it 
transits over the west vertical one or two hours later. In the 
case of morning observations the reverse will be true. It is 
easy to see that if, in consequence of this difference of aspect, 
the observer notes the passage of the faint image too late, the 
effect will be to make the constant of aberration too large. 
The existence of this form of personal equation, when transits, 
are recorded on the chronograph, is so well known that, bad 
Nyr^in’s observations been made in this way, I should not 
have hesitated to ascribe the large values of his aberration 
constant to this cause. Although it has never been shown 
that any such personal equation exists when observations are 
made by eye and ear, as ^Nyr^in’s were, yet when we consider 
t&at we are dealing with quantities amounting only to one or 
two hundredths of a second of arc, and that a personal equa- 
tion of this kind, undiscoverable by ordinary investigation, 
might affect the result by this minute amount, we can not but 
have at least a suspicion that his values may be slightly too 
large from this cause. 
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Separate results for the constant of aherraUon 
A Standard Pulkowa determinations 

Al wt 

Observations mtb Yeitical Oiiclej Polaris, by 
Petebs 20 51 2 

Obseiv itions with Vei tic il Glide, 7 iniscellaneoiis 

stais, by Peters 20 47 2 

Obseivations with Yeitical Oiicle, 186^-1870, Po 
laiis, by G-ylden 20 41 2 

Obseivations with Yeitical Glide, 1871-1875, Po 
laris, by Nyren 20 51 2 

Observations with Prime Yerticil, 1842-1844, by 
Struve 20 48 4 

Observations with Prime Yeitical, 1879-1880 by 
NyriIn 20 52 G 

Observations with Ihinie Yertical, 1875-1879, by 

Nyren 20 53 1 

Obseivations with Yeitical Girde, 18G^-lb73, b;^ 

Gylden and Nyrj^N 20 52 2 

WagtNER Transits of three polar stars 20 48 5 

From Eight Ascensions of Polaris, 1842-1844, by 
Lindhagfn and Soiiweizer 20 50 2 

Mean result 20'' 493 ± 0" 011 

This lesiilt may be regarded as identical with that found by 
Nyren in 1882 


B Other determinations 

Auwers, fioni observations with the 
/enith sector at Kew 
Auwers, froniY^ANSTEU observations 
Peters, from Bradley’s observations 
of y Braconis at Greenwich with zenith 
sector, 1760-1754 

Bessel, fiom Eight Ascensions observed 
by Bradley at Greenwich 
Linden AU, fiom Eight Ascensions ot 
Polaiis obseived at various obseiva 
tones between 1750 and ISIG 


ii) 

// 

20 53 
20 46 


20 ()7 
20 71 


20 45 


± 12 
± 12 

■b 071 

A 05 


XV t 

05 

05 

05 

05 

3 
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Sep((rate remits for the eonstaut of (iher ration — Oontinued. 

B. Other determinations — Continued. 


I >RINKLEY, from observations of thirteen dfe t wt 
stars at Trinity College, Dublin^ with 

tluuS-foot eirclo 20.40 ±.10 I 

PETEits, from Struve’s Dorpat observa- 
tions of six pairs of circumpolar stars . 20.30 ± .07 2 

Rtoharhson, from observations with the 

Greenwich mural circles 20.50 ±.0(> 3 

rnTPRS, from Right As<‘ensions of Polaris 

at Dorpat 20.41 0 

IjIJNDAHLj from I)(‘clinations of Polaris 

at Dorpat 20.55 5 

Henderson and MoLear, from and 

Centauri 20.52 -b.lO 1 

JMain, from observations with the Green- 
wich zenith tube 20.20 ± .10 1 

DoWNTNH, from obsm vations of X Dra- 

couis with r(41(‘,x z(*nith tube .... 20.52 ±.05 4 

Newoomu, from observations of Lyric 
with the 'Washington xirime vertical 

transit, 18()2-1867 20.40 ±0.4 0 

Kewoomh, from Itiglit Ascensions of 
Polaris obsiwvcKl with the Washington 

transit circle, 18()0-1807 20.55 ±.()5 3 

KOstner, from observations of pairs of 

star$ Tby the Taloott method . . . 20.40 4 

Preston, from obsetvation& with the 
Talcott method at Honolulu, 1891- 

1892 20.43 ±.05 4 

tOtflWT, from his x^nsmatic method . . 20,45 ±.04 5 

OOMSTOOIC, using Lobwy’s method, 

slightly modified ; 20.44 3 

KiiSTNER, from MarcxtSE^S observations, 

1889-1800 20.49 ±.018 4 

Wanaoh, from Pulkowa prime vertical 
observations 20.40 ±.015 4 
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70, 7i] 


Separate results for the eonstant oj aberration — Oontiiiued 


B Other determinations — Oontmued 

From GieeinMch Kight Ascensions of polai stais 
^itli the ti insit ( iul< 

BEcnvrn, lioui ol)sei\ itions at Sfiasbiiig bv tin 
TiKoil method, 1S00-1S<)3 
DvvinsoN, tioiu sinulai obsciv itions it Sin 
Fi.incisu), ISOJ-lsOl 


I h wf 

// 

JO 50 5 

JO 57 (> 

JO IS <> 


M(*cin i( Milt of 15 lb (OH\l = JO" 40 5 i: 0" 01 5 


Tho two results V and B, ditti i by 0" 0 50, a ([uantity so 
miuli ftieatoi than then moan uiois as to leave loom ioi i, 
suspicion of (onstant euoi in oni oi bofh means 


rii( Ijinuit I)i( III lh< I'Jttilli s motion 

71. The souuo ot tbis ineiiuality is tlio lovolutiou ot the 
centei of tho Earth around the center of mass of the Earth 
and Moon The former < enter describes an orbit which is 
similar to that of tho Moon aioniid tho Earth Sinie this 
orbit IS not a koplouan ci lipse, but is iHoi tod by all the iiei 
tiirbations of the Moon by tho Sun, no such oloment as a semi 
inajoi axis can be assigned to it Instead of this I take as the 
priiuipal oloment of the orbit tho coefficient of the sme of the 
Moon’s mean elongation tioiii the sun in the expression for the 
Sun’s true longitude This element is a tunetion ol tho solar 
parallax and of tho mass of the Moon, wliu li may be derived 
ftom the following expiossion Lot ns put 

/A, the ratio of the mass of the Moon to that ol the 
Barth, 

the radius vector, true longitude and latiriidi of 
tho Moon , 

>',A', /!!', the same cool dinates of the Sun, 

s, till' linear distance ot tho Eaith’s center from tho 
contei ot m iss of the Baith and Moon 
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We tTiett have, for the perturbations of the Sun’s geoceut* i 
place due to the cause in question : 


A log v‘ = cos fi cos (A— 1') 
AV = *, cos /3 sin {X—X') 
= p P 


and 

s = Ji_ ^ 

r' 1 + /< r' 

I have developed these expressions, putting 

TTo = 8".848 



and taking for the Moon’s coordinates the values found t *.v 
Delaunay, Puttin g 

D; tlie mean value of 

; tlie mean anomalies of tlie Moon and Suiiy nsspocti vt* I > » 
tlie Sun’s mean elongation from tl»e Moon’s asceiul i i ig 
node; 

the result for AV is 

/f 

' AX' = 6.533 sin D 

+ 0.013 sin 3 D 
+ 0.179 sin (D + ^f) 

— 0.429 sin (D — g) 

+ 0.174 sin (D-(7') 

— 0.004 sm (1) + (f) 

+ 0.039 sin (3 1) — (f) 

— 0.014 sin (D — (7 — 

— 0.013 sin 2 %' 

This value of the lunar inequality is substantially ideiit i*'iil 
with that computed from the tables and formuhe of Lev mii- 
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71 1 

EiEB^s solar tables The development of the numbers theie 
given lead to the value 6'^ 534 of the principal coefficient 
We have now to find what value of the coefficient is given 
by obseivations The observations I make use of are (1) all 
the observations of the Sun’s Bight Ascension from early in 
the century till 1864, (2) The heliometei obseivations of Vic 
toiia made in 1880 on Gill’s plan and worked up by him 
I had intended to use all the obseivations of the Sun up 
to the present time 1 found however that those made aftei 
18()4 gave, by comparison with the published ephemerides, 
inadmissible positive coriections to the coefficient This cir 
cumstance gives rise to a strong suspicion that in the process 
of interpolating the Right Ascensions of the Sun during at 
least some years after 1864, the inequality in question was 
rounded ofi to the amount of several hundredths of a second 
The results were therefore entirely omitted 
The results foi previous years, when the inequality was 
computed separately for every day of observation, are 




ZP 

tot 

Greenwich, 

1820-’64, 

// 

- 068 

30 

Pans, 

1801-’04, 

~ 050 

08 

Konigsbuig, 

1820-’4’5, 

- 054 

1 2 

Gambiidge, 

1828-’58, 

- 047 

20 

Dorjiat, 

1823-’38, 

+ 160 

03 

Pulkov a, 

1842-’G4, 

~ 058 

(fS 

Washington, 

184(>-’04 

000 

02 


Me in, z/r = — 0^' 048 4- 0'^ 018 


(tTLL’h result is given lu the Monthli/ Nohees, Royal A^tro 
nomiua Ho(Wfi/, (oi Apiil, IS04 (Vol LIV, page 350) It is 
denved in the following way In the solar ephemens whn h 
he used loi (ompanson the lunar inequalities were computed 
ngoiously from the ( ooidmates of the Moon, ])utting 

tt = S'' 880 
// = 1 ~ 8 ^ 

To the coefficient P thus aiismg found a correction, 

J P = + 0" 040 
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The above values of tt and give, on the theory just dev'el- 

01 ) 601 , 

P = (i'MOO 

Thus Gill’s result is, in efteet, 

P = G''.44G 

while mine, from observations of the Sun, is 
G".533 — 0^'.048 = G''.485 

I consider that these results are entitled to equal weight, and 
that we may take, as the result of observation, 

P == iy'Ain> d: O'^Olf) 

Solar parallax from the lunar viequahtij. 

" 72. With the mass of the Moou already found from the 
observed constant of nutation, 

jA=:l: 81.58 (1 ± .0025) 

we may now derive a value of the solar parallax (]uite inde 
pendent of all other values. The relation between P, tt, and 
the mass of the Moon is of the general form 

p' P = 1c TT 

where h is a numerical constant, and, for brevity, 

u' = i + 1 

n fx 

We have found that the following values correspond to one 
theory : 

7 r = 8".848; yu'=82; P = C".533 

Hence follows 

log h = 1.78207 

so that we have 

P = [1.78207] 7c 

The numerical values P = 6".465 and jx' = 82.68 now give 
;r = 8".818 ± 0".030 
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Vctlues of the solaf parallax derived from measuremenU of Yenus 
on the face of the Sun during the trayisits of 1874 and 1882, 
with the heliometer and pliotoheliograph 

73 I put these deteiminations into one class because they 
rest essentially on the same pimciple Both consist^ in eftectj 
in measuies of the distance between the centei of Venus and 
the center of the Sun, the lattei being defined through the 
visible limb The method is theiefoie subiect to this seiious 
drawback that the parallax depends upon the ineasui ed differ 
ence between arcs which may be j5?om thirty to fifty times as 
great as the parallax itself, the measui.es being made in 
different parts of the earth 

The equations of condition given by the American photo 
giaphs of 1874 aie foujid in Part I of Observations of the 
Tiansit of Venus, December 9, 1874, Washington, Government 
Printing Office, 1880 A xireliminary solution of these equa 
tions, the only one, however, to which they have yet been sub 
jected, was published by D P Todd, m the American Journal 
of Science for June, 1881 (Vol XXT, page 490 ) 

The photographs of 1882 have been completely worked up by 
Professor Harkness, and the results are found in the Report 
of the Superintendent of the Xaval Observatory foi 1889 The 
equations derived from the German heliometer measures, with 
a preliminary discussion of then results, are officially published 
by Dr Atjwers, in the Bericht uher die deutschen Beobachtungen, 
V, p 710 

The separate lesults for the paiallax, with the probable 
errors assigned by the investigators, are as follows 

, , 10 w' 

1874 Photographic distances, tt = 8 888 A 0 040 6 1 

Position angles, 8 873 i 0 000 3 3 

Measures with heliometer, 8 876 ± 0 042 5 5 

1882 Photographic distances, 8 847 A 0 012 64 6 

Position angles, 8 772 i 0 050 4 4 

Measures with heliometer, 8 879 JL 0 025 IG 10 

Under w is given a system of weights propoitionally deter 
mined from the probable eirors as assigned Using this sys 
tern, the mean result is — 

;r =8'^ 854 ± " 016 
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I conceive, liowever, that these relative weights do not cor- 
respond to the actual precision of the measures. The very 
small probable error assigned by Prof. Harknbss to the result 
of the photographic distances of 1882 does not include the 
probable error of the angular value of the unit of distance on 
the plate, which may arise from a number of sources, includ- 
ing the possible deviation of the mirror of the instrument 
from a perfect plane. Prom this error the position angles 
are entirely free. I have, therefore, assigned another set of 
weights, w', which seem to me to correspond more nearly to 
the facts. The result of this system is — 

3- = 8".857 ± ".OIC 

This mean error is derived from the individual discordances, 
and not from comparisons with the values of the iiarallax 
otherwise determined. As there may be a fortuitous agree- 
ment among the separate values, another estimate may be 
made on the basis of the total mean error derived by Auwers, 
which includes all known sources of error. He finds £ = ± ".032 
for the combined heliometer results, to which I have assigned 
weight W. Hence, for the total weight 29, we have — 

« = ± 0".023 

The deviation of the above result from the mean of all the 
other good ones is worthy of special attention. The deviation 
is more than three times its mean error, and therefore between 
four and five times its probable error. We must therefore 
accept one of two conclusions, either the probable errors have 
been considerably underestimated, or the method is affected 
with some undiscoverable source of systematic error, which 
makes it tend to give too large a result. The close accordance 
of the six separate results, of which only a single one deviates 
from the adopted mean by more than its probable error, and 
that by only a little more, would give color to the view that 
the error is a systematic one, and that through some unknown 
cause Venus is always measured too low relatively from the 
center of the Sun. I can not, however, think of any such cause. 

If we determine the mean error from the deviations of the 
separate results from what we know, in other ways, to be 
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nearly the most probable value of the parallax, namely 8" 80, 
we have — 

// 

Mean errror to weight 1 , rt 148 
Mean erroi of result -t 029 

Solaif %)amlla^ from observed contacts during transits of Venus^ 

74 The contact observations of 1761 and 17(>9 arc discussed 
Ml Astronomical Papers^ Vol III L have also nude <i (om 
plete discussion of those ol 1874 and 1882, which, at tlu^ d<dc 
of writing, IS unpublished The separate results from each 
contract follow 

In the ease of the second contacts of 1874 and 1882 it was 
found necessary to divide the observations into two classes * 
those of mean or true contact, and those of the foxniationof 
the thread of light In the case of the third contact no such 
division was necessaiy, as the obseivations could generally 
be icferiedto the same mean pluse The mean eiror which 
iollovs each lesult is deiived from the discoidance ol the 
sepal ate observations 

Values of the solar parallax from observed contacts of the hmb 
of Venm with that of the Sun 


1761, 

III, 

Tt == 8 78 4: 

// 

w = 8 


IV, 

8 75 ± 

20 

3 

1769, 

h 

9 04± 

17 

4 


II, 

8 66± 

13 

7 


III, 

8 72 1 

09 

14 


IV, 

0 01 1 

12 

8 

1874, 

C 

8 00 4 

24 

2 

O 

,M, 

8 78 4: 

061 

30 

II 

, L, 

8 76 4: 

10 

11 


III, 

8 76 4: 

046 

67 


IV, 

8 74± 

09 

U 

1882, 

C 

8 08 1 

16 

6 

II 

,M, 

8 76 L 

012 

04 

II 


8 72 4. 

072 

22 


HI, 

8 88 4: 

042 

64 


IV, 

9 07 4: 

12 

8 


5690 K ALM 10 
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I The weights assigned are determined by these mean errors, 
taken on such a scale that unity is the weight for mean error 
± ".336. The mean result of the whole series is 

n = 8".797 ± ".023 

This mean error is that resulting from the deviations of the 
sixteen separate results from the general mean, which give for 
the mean error corresponding to weight unity , 

The excess of this mean error over that determined from the 
equations themselves shows that the general discordance of the 
several contacts is somewhat greater than would be inferred 
from the individual discordances of the contacts inter se. This 
is what we should expect from constant errors in the determi- 
nations of parallax from each separate contact. I conceive, 
however, that such constant errors are not likely to be large 5 
and we can not conceive that contact observations in general 
are subject to any constant error tending to make the parallax 
derived from them always too great or too small. I conclude, 
therefore, that the mean error determined from the totality of 
the results may be regarded as real. 

It will be interesting to compare the separate results of 

internal and external contacts. They are 

// // 

From internal contacts ; tt = 8.776 i .023 
From external contacts; 7t = 8.908 =t .06 

These mean errors are those derived from the concluded 
results and they show that the external contacts are relatively 
more discordant in proportion to the weights assigned than are 
the internal ones. If we consider this discordance to indicate 
^^Iktger mean error, and therefore assign a proportionally 
smaller weight to the results of external contact, we have, for 
the concluded result, 

= 8".791 ± '^022 

As these two hypotheses seem about equally probable, I shall 
adopt the mean result, 

tt = 8''.794 
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Solm parallax from the observed constant of abcrrahon and 
measmed velocity of light 

75 The question of the soundness of the ])ioposition that 
the ibeucition is equal to the quotient of the velocity of the 
Kaitli in its oibit by the velocity of light is too bioad a one to 
be discussed hcuc I ( aii only leni irk tliat its simplnnty and 
its geiieial at t oid with all optical phenoiuena aie sue h that it 
seems to me it should be iccepted, in the <ibseiue of t vidonce 
against it 

In Ant) onomii nl Paptrs^ Yol II, page I h<ive given the 
following deteinuiiations of the velocity of light m vacuo by 
Miohelson and myself, expressed m kilometers per second 


Miohllson at Naval Academy in 187h 290010 

Mioni LSON at Cleveland, 1882 209853 

Niwc’omb <it W <ishington, 1H82, usinjj; onl\ itsults 
su})pos(id to be ntsiily 1 i(M‘ liom tonstud (siois 200800 

Nlwoomb, including all dotcimmatioiiH . 209810 


I have oonclttded, 

Velocity of light m vacuo ^ 1 80 k in 

Taking as the equatoiial ladius of the Eaith 0378 2 k m 
(Clark), the following table shows the values of the constant 
of abenation couespoudmg to admissible values of the solai 
paiidhix when this determination of thci velocity of light is 
accepted 


// 




Ah = 20 4(> 

7r=8 8070 

20 47 

8 8033 

20 48 

8 7900 

20 40 

« 7<>1« 

20 00 

8 7003 

20 61 

S 7850 

20 52 

8 7«1() 

20 5 $ 

H 7773 

20 ")t 

S 77 iO 
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We thus have for the values of the solar parallax resulting 
. from the two values of the constant of aberration already 
derived : 

// // 

From Pulkowa determinations ; Ab. = 20.403; tt = 8.793 

From miscellaneous determinations; Ab. = 20.403; n — 8.806 

Bolm parallaa; from, the ^arallaetic inequality of the Moon. 

76. I have derived a value of the parallactic inequality of the 
Moon from the meridian observations made at Greenwich and 
Washington since 1862. The determination of this inequality 
is peculiarly liable to systematic error, owing to the fact that 
observations have to be made on one limb of the Moon when 
the inequality is positive, and on the other limb when it is 
negative. Hence, if we determine the inequality by the com- 
parison of its extreme observed effects on the Moon’s longitude 
or Eight Ascension, any error in the adopted semidiameter of 
the Moon will affect the result by its full amount. 

It does not seem practicable to make a reliable determina- 
tion of the Moon’s diameter, because it will necessarily be 
made near the time of full Moon, when the illumination of the 
extreme limb is less intense than near, the quadratures, and 
when some portions of the limb that might be visible if it were 
illuminated by a perpendicular Sun will be thrown into shadow 
by the horizontal one. For these reasons it may be expected 
ttiat-tb® parallactic inequality determined by using observed 
seihidiaaieters of the Moon will be too large. I have therefore 
adopted the plan of deteTtniping the inequality from each limb 
separately. To show in regular progression the errors depend- 
ing, on the elongation from the Sun, I have classified the resid- 
observations according to the hour of mean time at which 
the ft^n^^sed the meridian; and formed equations of con- 
dition cbhtti^mng twh, unknown quantities, the one a constant 
correction depending 0» the semidiameter, personal equation, 
etc., and the other the parallactic inequality. The question is 
further complicated by the fact ‘that the majority of observa- 
tions near are quadratures made during daylight, when it is 
to be expected that the illumination of the atmosphere will 
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diminisU the irradiation, and thus lead to a Hinallei apparent 
semidiameter I have therefore sought to determine for the 
two obseiv atones, by a comparison of the observations, the 
correition to be applied lu order to reduce observations made 
during daylight or twilight to what they would have been had 
the sk^ not been illuminated The reduc'tion was smaller than 
I had c\])0(ted, <iiid somewhal doubtful, I have .issigned pro 
poilionally less weight to those obseivitions vhetii it was 
iiei/Cssaiy The following ar(> the (‘({luilions of londitiou Ihus 
toimed The unknown <|uantities aie — 

aj, a constant, depending on the semidiameter, personal 
equation, etc., 

y, the correction to the parallactic meciuality of the Moon 
aftoi reduction to the value 8" S4h of the solai paiallax 
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k 


// 


4 6, 
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56 
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06 
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1 

76 
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0 61 
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0 38 
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I 
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- 0 61 

+ 
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1 
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0 54 
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1 

17 6 

- 0 00 

— 

0 02 

I 

18 f 

- 0 00 

+ 

0 It 

0 5 

19 f 

— 0 9$ 

+ 

1 21 

0 2 
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Limb I. 


lb 

4.6; 

X -f 0.932/ 

// 

=: -1.G2; 

ict, = 0.2 

5.0 

0.99 

1.26 

0.4 

0.5 

0.99 

-0.85 

1 

7.5 

0.92 

-0.04 

1 

8,5 

0.79 

-0.71 

1 

9.5 

0.61 

- 0.71 

1 

10.5 

0.3S 

- 0.48 

1 

11,5 

0.13 

- 0.23 

1 


lAnib II. 
// 


12.5; 

x'—- 0 . 133 / 

= +0.41; 

ict = 1 

13.5 

-0,38 

0.43 

1 

14.5 

--0.61 

0.52 

1 

15.6 

- 0.79 

0.40 

1 

ic.n 

-0.92 

0.72 

1 

17.5 

- 0.99 

0.96 

0.5 

18.4 

- 0.99 

1.32 

0.3 

19.4 

~ 0.93 

1.50 

0.1 


Wit/li these exiuatioiis we have oar choice to deterinme the 
parallactic inequality by assigning a value to the semidiaineter, 
or to eliminate the semidiameter from the normal equations, 
ea^eb pw the equations give the following expressions for y: 

\ \ ' // // 

Greenwich : Limb Jf ; y — — 0.56 — 1.23 x 
II 5 -0.2S+1.23^»' 

^ , I Washington : Limb I j y = — 0.99 — 1 .23 a? 

: . ^ 1 4 II ; - 0.88 + 1.29 x' 

'’W . 'J - t ’ ■ 

If we cboosp to xitiliize t^ie observed diameters we have the fol- 
lowing results: , 

From 06 transits of the MboVs diameter observed at Greenwich^ 
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From 33 transits observed at Washington 
1 - 't' = - 12 

We should thus have, 

// 

From Gieenwich obseivations, y ^ 02 

From Washington obseivations, ^ = — 0 23 

Ifj on the other hand, we eliminate i tioin each pan of 
noimal equations, the final results foi y will be 

iOt 

Gieenwich Limb I, 0 64 2 / = — 0 45, 1 / == — 0 70 ± 0 16 6 

II, 0 64y= 000,2/= 000 ± 036 2 

Washington Limb I, 0 64?/ = — 0 52,2/ = -~0 81±O16 6 

II, 0 53?/ = - 0 32, ?/ = -.0 60 ± 0 27 3 

The weighted mean of these results is 

V = - 0'/ 64 -J 0^' 12 

The resulting value of the solai parallax is 
= 8^' 802 ± 0^^ 008 

A veiy careful determination of the solar parallax was made 
from the same theory by Dr Battebman, by means of occulta 
tions, and the result is discussed very fully in the publica 
tions of the Berlin Observatory Dr Batterman^s definitive 
result IS 

TT = 8'^ 704 ± 016 

X have slightly revised this lesiilt, by axiplying a coriectioii 
to the coefhcient for the parallax adopted by Dr Battbrhan, 
with the result 

ttt = S'' 789 ± " 016 

Accepting this result, and combining it with that alioady 
found from meridian observations, the parallav from this 
method will finally come out 

7r = 8" 7<)0 ± " 007 

This mean error may be regarded as belonging to the doubihil 
class 
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While this ■work is passing through the press there appears 
an important paper by Franz of Konigsberg,* gmng the value 
of the parallactic equation derived from observations on the 
lunar crater Hosting A. The correction to Hansen’s coeffi- 
cient is found to he 

- 2".10 ± 0'’.30 

The corresponding result for the solar parallax is 
8'’.767 ± 0".021 

We may combine the three results for the solar parallax 
thus: 

Greenwich and Washington meridian obser- 


vations = 8.802; w = 5 

Battermann from occultations 8.789; 2 

Franz from crater Ufostiw-flr A 8.767; 1 

Mean 8.794 ± ".008 


Solar parallaai from observations on minor planets with the 

heliometer. 

77. The fact that the determination of the parallaxes of the 
small planets by comparison with neighboring stars is free 
from the grave uncertainty attaching to similar observations 
of Venus and Mars, owing to the absence of a sensible disk, 
w^;lqng since pointed out by Dr. Gallb. In 1876 he pub- 
a, ditession of observations on Flora, made at nine 
horthefh at tfee Gape, Cordoba, and Mel- 

bourne in the Southern h6miSpb.fefb.it The result was 

'•v.m:;-' ^ = 8".873. 

An eig^^atiqn of the residuals of the several observatories 
shows that in the. casefef at least one of the Southern observa- 
tories there is a systematic difference of a considerable fraction 

* Astronamisclie ISfacjhxMtten, VoX. 8. 854:. 

tUeber eine Bfestm^un^ dbT aus oarrespondirenden 

„B©obaoliitimge]a des Plapateii Flbra, in- Oetober mnd 1873. 

Breslan, Marusolike & Berendt, 1875. 
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of a second Tins fact seems to prevent our assigning any 
appreciable weight to the final result 

In 1874^ Gill, at Mauritius, made heliometer observations 
of Juno, east and west of the meridian, with the same object 
The result was 8'^ 7G5, or 8'' 816 when a discordant observation 
was rejected In this connection, only an allusion is necessary 
to Gill^s expedition to Ascension in 1877, made for the pur 
pose of applying the method to Mars at the opposition of that 
year 

Shortly afterwards Gill published in the first volume of The 
Ohsermtory a very exhaustive discussion of the methods of 
determining the solar parallax, in which he showed that hell 
ometer observations of the minor planets, made either at a 
single station not too far from the equator, or at two stations 
m different hemispheres, afforded a method of measuring the 
parallax more precise than any befoie ap])lied 

Ten yeais ehipsed before the plan was put into opeiation 
Then, in 1889 and 1890, a concerted system of observations was 
made on the three minor planets, Yictoiia, Ins, and Sappho, at 
^ number of observatories m both hemispheres The observa- 
tions relating to Victoria were carried out most thoroughly, 
in that a very careful tiiangulation of the stars of compauson 
^nter se was made at the observatories which took part m the 
measures The tabular data for the reductions were supplied 
by the ofBce of the Berhne't Jahrbuoh, and the reductions 
and discussion were made by Gill himself for Victoria and 
Sappho, and by Di Elkin, on Gill^s plans, for Ins The 
three results, as communicated in advance of their complete 
official publication, aie 

From Victoria sr =a 8 800 p e ± 0 006 

Ins 8 825 p e ± 0 008 

Sappho 8 796 p 6 0 012 

I assign the respective weights 4, 2, and 1, thus obtaining, 
as the final result of this method, 

Tt = 8" 807 ± 0" 006 

I have included m a separate category Gill’s determina 
tion by Mars, at Ascension, iii 1877, as published by the 
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Eoyal Astronomical Society {Memoirs Royal AstronoyyizcciZ 
ciety, Vol. XLYI), for the reason that, owing to the disl 
Mars, and its reddish color, determinations made on. it 
liable to errors peculiar to that planet, or at least dififea 
from those which might come in in the case of the si 
planets. 

Remarlis on determinations of the parallax whieh are not ^ 
in the present discussion. 

78. In the preceding discussion are given the resnlts 
every modern method of determining the solar parallnx: v 
which I am acquainted, except meridian and equatorial ob 
vations on Mars. I have not used any of the results dLeri 
from this source, owing to their large probable error, 
the suspicion of systematic error to which they are o\ 
One of these causes of error is to be found in the red colo 
Mars. This cause will be pointed out and discussed v 
fully in a subsequent section. Its effect would be to make 
observed parallax too large. Since, as a matter of fact, 
the determinations of Mars by meridian observations 1) 
given a larger parallax than the generality of other mettn 
color seems to be given to this suspicion. Apart from i 
the setting of the threads of a meridian circle upon the ap 
ent disk of Mars involves a visual estimate not compars 
with that of the bisection of the image of a star by the tbre 
Hence, there is a chance of systematic personal error arii 
this observations generally exhibit li 

be attributed to one or the otb< 
these causes. - ' ' '' ' 

It may be objected to the inclusiou of GttuxJB Ascent 
. result that it should be rejected for the same reason, since 
' affect heliometer observations 

equally. I have, however, consid 
it free for two reasons, Ir 
first placed ^e fe^l; fbo large, but is, on the oonti 
the smallest of all the accurate jfieasures. The principle 
when a result is opeii fro a strdhg 'suspicion of being^ aj0Pe 
by a cause which would cause it to deviate in one directio 
is logical to eonolude a posteriori that the cause has not a 
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if the deviation is found to be m the other direction, may not 
be a perfectly sound one, but I have nevertheless acted upon 
it In the next place Gill himself, as a part of his discus 
Sion, compared the observations when Mars was at different 
altitudes, in order to determine whether the action of such a 
cause was indicated, and found a negative result 

In 1890 an unsuccessful attempt was made, at the writer’s 
request, by Dr W L Elkin, to measuie the effect m question, 
by placing a refracting prism of very small angle over one of 
the halves of a helio meter objective, and measuimg the lefi ic 
tion thus produced It was supposed that the dispersing 
action of the prism would lepresent that of the atmosphere, 
greatly magmfied The failure arose from the result that the 
apparent mean refraction of the star produced by the prism 
proved to be a function of the star’s magnitude, ranging fiom 
748^' 79 for a star of magnitude 2 55 to 751'^ 61 foi a star of mag 
nitude 6 95 The reason seemed to be that too powerful a prism 
was used, so that the spectrum was quite sensible, then, in the 
case of faint stars, the red portion of the spectrum was invis 
ibl^, so that the apparent mean refraction was greater than in 
the case of the bnghter stars The mean of the observed 
displacements of Mars was 748^' 61, so that it was always less 
for Mars than for the stars * 

An investigation of the question whether the same effect is 
noticeable in meridian observations fails to show any relation 
between the brightness of a star and its refraction But this 
does not disprove the relation between the refraction and the 
color of a star ^ 

On the whole it seems to me that, at least in the case of 
Mars, we have here a cause so mixed up with personal error 
in making the observations that the objective and subjective 
effects can not be completely separated 


* onomtoal Journal, Vol 10, page 97 



CHAPTER YIII. 


DISCUSSION OF RESULTS FOR THE SOLAR PARALLAX 
AND THE MASSES OF THE FOUR INNER PLANETS. 

79. We have, in what precedes, found or collected nine 
separate values of the parallax of the Sun, by methods of 
which seven may be regarded as completely distinct, in the 
sense that no one source of error is common to any two. Of 
these seven the two most nearly associated are those which 
utilize transits of Venus. These are similar only in the sense 
of resting upon a determination of the relative parallax of 
Venus and the Sun during the time of a transit. But the 
only common elements which enter into the determination are 
the ratio of the distances of the Sun and Venus, which is 
determined with such certainty that we can not regard it as 
subject to error. The methods of determining the parallax in 
the two cases are comidetely distinct from the beginning, 
there being, I conceive, no common source of error affecting 
an observation of contact of limbs and one of a distance 
measured from the center of the Sun while Venus is in transit. 

I have classified as if they were independent the values of 
the parallax which follow from the Pulkowa determinations 
gf t )},9 constant of aberration, and those which follow from all 
Of course whatever doubts may affect 
the constant of 

aberration and the velocifey of; ^lU eqLuaUy affect both 
^eteriginations. I do not, however, conceive that there is 
l^^ gource of error which can affect both the Pi^owa deter- 
pf the aberration and those made elsewhere. The 
txi^o been combined so as to give a single result 

of the metfedj as hjie two values of the constant differ 
by more than we sfehldi exjp^cf them to from their probable 
errors, I have kept them Separate, partly not to give a false 
appearance of agreement of result^, and partly to facilitate 
the inception of any future investigation on the subject. 
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79] 

I have also separated the result of Gill^S observations on 
Mars, at Ascension, in 1877, from the determinations made by 
the same method on the minoi planets, because, owing to the 
color and disk of Mars, the two results may be affected by 
very dihereut systematic errors The only common systematic 
error which seems likely to affect them is that arising from the 
coloi of the object, which will be discussed hereafter 


Results of determinations of the sola) parallai arranqedin the 
order of magnitude 


From the mass of the Fa'll th resulting 
from the secular variations of the 
orbits of the four innei planets 

From Gill^S observations of Mars at 
Ascension 

From Fiillotva dftuminations of the 
constant of abenation 

From observations of contacts during 
transits of Venus 

From the parallactic inequalit'y of the 
Moon 

From determinations of the constant of 
aberration made elsewhere than at 
Pulhowa 

From heliometer observations on the 
minor planets 

From the lunar equation in the motion 
of the Earth 

From measurements of the distance of 
Venus from t he Sun’s ceniei during 
trannts 


// // U)t 

8 759 ± 010 9 

8 780 J- 020 2 

8 793 i 0046 40 

8 794 ± 018 3 

8 794 A 007 18 

8 806 A 0056 28 

8 807 ± 007 20 

8 825 ± 030 1 

8 857 A 023 2 


The mean etrots which follow each value are those which, 
from a study of the determination, it seemed likely might 
affect them, no allowance being made for mere possibility of 
systematic eiror The weigbts assigned are convenient small 
integers, generally such as to make the weight unity corre 
spend to the mean eri or ± O'' 30, allowance being made, how- 
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ever, for doubt as to wbat value should be assigned to the 
mean error and for the different liabilities to systematic error. 
The mean result is — 

// // 

From all determinations^ it == 8.797 
Omitting the first result 5 n = 8.800 ± .0038 

The last value differs from the preliminary value S'^802 of 
Chapter V, from a change in the weights. It will be seen 
that the different values are all as accordant as could be 
expected, with the exception of the two extreme ones. In the 
largest value we have a case the principles involved in which 
have been discussed in Chapter lY. 

We can not suppose the parallax to be materially greater 
than 8'^800, and may take it as probably less than this. Thus 
the absolute error of the results of measures of Venus on the 
face of the Sun may be considered as about O'^OO or 0^'.07, 
which is four times the computed probable error. The prob- 
ability against this, even in the case of one result out of eight 
or nine, is so small that we must either regard the method as 
being affected by some systematic error, or as affected by 
an objective probable error larger than that assigned. It 
seems to me the latter view is not untenable, in view of the 
very wide range of the possibilities of error which might affect 
a series of observations with a heliometer exposed to the Sun’s 
rays during a period limited to a few hours. 

Again, in the photographic measures, the value of a second 
of arc in lefigth on the photographic plate enters as a some- 
what uncertain etemenfe. Tn^ this* connection it is to be 
remarked that the measures of position angle on thephoto- 
^aphic plaites, which are not affected with this uncertainty, 
their probable' error is quite considerable, give a 
solar parallax much smaller than the measures of 

Much more embarrassing is the value which results from the 
mass of the Earth. We here meet in another aspect the same 
deyiation which we encountered in determining the mass of 
the Earth ffom the secular variations, and on which we post- 
poned a conclusion (§64), This determination rests very 

-t ' ^ 
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largely on tlie motion of the node of Venus, as determined 
from the transits of 17C1 and 1769 It is true that results of 
meiidian observations are combined with them, but no expla 
nation is thus afforded of the dithcnlty, because the results of 
these observations agree with those of the transits {v ^39) 
What adds to the embairassment and pi events us from wholly 
discaiding the suspicion that some disturbing cause has acted 
on the motion of Venus, oi that some theoietical ciioi has 
ciept into the woik, is th it, of all the deteiminalions of the 
solar parallax this is the one \\luch seems the most liee fiom 
doubt arising from possible un disco vcied sources of eiioi It 
is, as we shall presently see, really entitled to twice the relative 
weight assigned it As, however, the determination rests 
mainly on the motion of the node of Venus, and this again 
mainly rests on the observations of the older transits, I have 
made a reexamin ition of thi results of these ti<insits with a 
view of leaching a more e\ ut Cvstimate ol tin souicis of eiroi 
and the magnitude of the mean eiioi In this le oxanumition 
I have regarded the Suids parallax as a known cpiautity equal 
to 8'^ 798, and then obtained the results of the old observations 
of the transits on the supposition that the only quantities to 
be determined were the corrections to the relative heliocentiic 
positions of Venus and the Earth 

Eedtsousston of the onoUon of the node of Venus 

80 In discussing the observations of 1761 and 1769 {Astro 
nomical Papers^ Vol II, Part V), I mtioduced a (luantity 
expressive of the error in the obsciviMl time of (on tact aiising 
from imperfections of the tdescope and atmospheric absorp 
tion and dispersion The constants on which &ese errors 
depend are lepiesented by symbols h and h ^As I have 
worked up the observations, the ultimate result of each 
obseivation of contact is the value of an unknown quantity, 
dc, which, were there no imperfections of msiou and were the 
radii of the Sun and Venus aecuiately known, would represent 
the correction to the tabular distance of centers As a matter 
of fact, howevoi, we are to considei dc as eipial to this eoriec 
tion increased by a rather complex combination of quantities 
depending on the errors of the assumed seinuliaineters of 
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Venus ^nd the Sun, and the thickness of the thread of light 
when it first became visible at second contact, or vanished at 
third contact. The observations must be so combined as to 
eliminate these quantities. What I have done is to represent 
the undiscoverable minute correction to dc thus arising by 
the symbol for second contact, and for third contact. In 
the present re-examination the absolute terms are reduced to 
the parallax 8^'.798 by putting Stt^ = — ^'.05 and = — ^'.025 
in the final equations of the original paper. After each result 
is given the mean error with which it is aifected, as deter- 
mined by the investigation in question. When thus treated, 
the equations which I have given on pages 391-398 of the 
paper referred to give the following normal equations for dc, 
the indeterminates ’k 2 and Tc^ being retained as such in order to 
show their final effect on the result. 

// // 

1761. II 5 8.5 (Jc = + 0.76 - 18.5 Icz i 0.78 

III,- 41.7 do = - 2.81 - 19.2 h ± 1.30 

1769. II,- 44.8 ' = - 8.00 - 104.1 h ± 1.95 

III; 12.1 de=+ 0.31 - 16.0 h ± 0.70 


In order to vary the proceeding as much as possible from 
that of the former investigation, I now express dc in terms of 
dX and S/3j which, for the time being, I take as the corrections 
to the heliocentric longitude and latitude of Venus referred 
to the Barth, and these again in terms of dv and sin iS6, 
brevity^ I call u. The first transformation is 
mMe wxM ffie coefft<^§nts of p. 71, where we have put x and 
— y for dX and and the luist by the equations 



// 

= di? -|- 0,06 u 

z=z u — 0.06 'y 


Putting % fi>r the value of u in 1765, we have, in consequence 
of the known change imtfce motion of the node, 

, la nei; 4{ = iti -i- 0.11 
In 1769; u = ut — 0.11 
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We thus have the four equations which follow lor (loterminiiipr 
and iq, the former being supposed the same at the times of 
the two transits 

- 84 Sv - 55 ui + = + 015 - 2 J J 0 00 

+ 73 - 00 +1^, = +001 - 05A,d 003 

_ (,<) +73 + =- - 0 10 - 2 3 7. , -1- 0 01 

+ 81 + ()0 + ^, = + 0 10 - 1 3 7. , J 0 (»0 

Ehnuiiatiiig + and by subtiacting the lust cnjintion tioiii 
the thud, and the second tiom the fourth, \\( h.ive — 

15 di) + 1 28 Ml = - 0‘'25 - ol Tfca J- 0 10 
08 d« + 1 20 Ml = + 0 09 - 0 8 7c, i 0 07 

We thus have for Mi the value 

M, = _ ()'/ 04 - 0 os ()v-0 03 h - 0 3b At -L 0" 05 

fir can not hi doteiimiied ludepondently of .ind Assiiin 
ing these (piantities to be eiiu.il, we have .ihoady found it to 
bo only 0'M)2, and may thoicfoie, to determine its probable 
eftect upon the result by assigning to it the value 

dr = 0" 00 I 0" 22 

In the former papei I have found foi A^ and /c, the values 

// // 

h = + 0 040 + 0 040 
7.T = _ 0 034 ± 0 040 

A pieliminary coirectiou of +2"0J having been applied to 
the tabular orbital latitude, we have, for tlie epoeh 1705 5, 

sin 1077= + 1"9<) 1 0"0b 

(Jombining this lesult with that of the transits of 1874 and 
1882, wo li ive the following results, which are compared with 
those of meridian observations 

Transits of Tenus alone sin i Dt dd = — 2B2 

Meiidiati observations alone u — 2 45 

Oombmed solution u — 2 71 

Adpisted with other losults (§40) u _ 2 73 

Adopted . « — 2 77 

6090 N ALM 11 
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The adopted result is the one which seems the most jirobable. 
For the final probable error we are to include that of the pre- 
cession and of the Sun’s longitudes at the two epochs. We 
may estimate the combined value of these at i correspond- 
ing to an error of O'^OG in sin i Dt d6. Thus we have 

sm i Dt = - 2". 71 =1= ^^084 

I conceive this mean error to be as real as any that can be 
determined in astronomy. This conviction rests uiion the fact 
(1) that the systematic errors affecting the four contacts are 
shown to be small by the general minuteness of the four values 
of dc; (2) that whatever systematic errors may affect the 
formation or disappearance of the thread of light are almost 
completely eliminated from the mean of the transits of 1761 
and 1769 by the method in which the observations have been 
combined. The accordance of the observations of external 
contact made at the same transits strengthens this view. 

The equation thus derived takes the place of the sixth 
equation of §63 and should have twice the weight there 
assigned. As the mass of the Earth determined by the secu- 
lar variations rests mainly on this equation, I shall first con- 
sider it alone. Expressing the theoretical secular variation of 
sin idd in terms of the above observed value, we find that the 
observed motion of the node of Venus gives the equation 

0^q26 - 29'^2 r' - 43' ^2 = -f 0".48 ± 0".084 {a) 

for z*'" the value 

■ V" =■—' o’iiai + 0.00^ r -0.676 y' ± .0019 

The value of the solar parallax for 7 /" = 0 is 8".811. Hence, 
value expressed in terms of the corrections to the 
tha^ses of Venus and Mercury, this equation gives 

zr = 8".778 + 0".020 v — 1".98 r' 

W e have found from the periodic perturbations 

i f 

// // 

y=~ 0.066 ± .35 

‘ = + 0.0080 ± .0025 
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Wheiite, 

// // 

J" = -001081 0020 
7r= STOJ 1 0080 

Tins K'snll of obsen.ition, eiiois .uid unknown actions aside, 
1 tan not suiipost' to be allw ted by any otlioi iiican on or tlian 
that h( re ,issif>ned 

Wo have now fo toimidei how fai this usiilt may be lecoii 
oiled witli the otheis b\ <haii«es in the massi's ol Mine in > 
and \enuH No adiiiishibk thaiigoiii the foiniei lould gieatly 
aftect the leaiilt Tho <iueatioii thou arises whetliei tlie dis 
orepancy may not be due to an error in the coin laded mass 
of Venus In making so laige a change in this element, we 
meet with insuiierable difhciilties The obseivod motion of 
the ediptn, whuh is a fanly well deteinuiied (piantity, mdi 
cates a still liiithei nuii'iiseof tins ni.iss We m<iy jnit this 
dillKiiltyin inothu loim The obseivisl iirntmii ol the node 
ot \ eiius IS a lelative one, toiisisting in tho (ombiiied edba 1 ot 
the motion ot tho ecliptic atouiid an axis at right angles to the 
node of Venus, and an absolute motion of the orbit of Voiius 
around nearly the same axis This motion of the ecliptic 
depends mainly on tlu^ mass of Venus, the absolute motion 
of the orbit of Venus mainly on that of tho Mai th If, now, wo 
defeimine the motion of tho ecliptic fiom obseryatiou, we shall 
liml that the lelative motion of tho orbit of Venus still uiiac 
eouiifed foi is yet gieatei than wo have supposed it to bo, and 
slioiild therelore find a yetsmullei itmssol the Mnitli (lian that 
hei etolore < oiicliided 

The detormniatioii ol Hk* mass of Vmius ah eady made from 
obseivitions ol fbe Mun and Men uiy seems to admit of no 
doubt We eiii not conceive that the mean of fifteen detoi 
muiutions, made during one liundied and thirty yeais, at dif 
ferent observatones, which detoriniiiations are so sepaiafcdas 
to be entirely iiidepomlent of cadi othei, can b(> aflected by 
any considei able (ommon ciioi The enine accordauce of the 
result thus I CMC lied fioiii the jieriodie piutiubtitions produced 
by Vi'iuis with that from a c ombmatioii of all the secular 
variations, as sliown in Oliaptor VI, strengthens tlio result 
yetfuither Unknown actions and possible detects of tlieoiy 
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aside, it seems to me that tbe value of the solar parallax 
derived from this discussion is less open to doubt from any 
known cause than any determination that can be made. 

Possible systematic errors in determinations of the joarallax. 

81. We have now to return to the other values, in order to 
see to what extent they may be affected by systematic error. 

I have already excused myself from discussing the validity ot 
the assumed relation between the constant of aberration am 
the velocity of light, because there is nothing valuable to be 
said on the subiect, and have alluded to the possible sources 
of systematic error in the Piilkowa determinations ot aberra- 
tion . It IS worthy of attention here that the very best of these 
determinations, that of Nyuen with the prime vertical transit, 
in respect to the care with which it was made, and the general 
accordance of the entire work throughout, gives a result most 
accordant with that under consideration. In fact, to the value 
8".77 of the solar parallax corresponds the value 20 .66 ot 
the constant of aberration, which is larger by only 0".02 than 

the result of Nykbn’s best determinations. , . 

A.S for miscellaneous determinations of the constant, m ™ 
be remembered that the corrections applied to a part of the 
separate values on account of the Chandlerian inequality of 
latitude are somewhat doubtful, and the general mean mav 
have been affected by a few hundredths of a second in conse- 
auence. It is not, however, possible to determine the amount 
of the correction, except by an exhaustive rediscussion of the 
whole of the original observations, and even then the resu t 

would still be doubtful. ’ 

Next in the order of weight we have the results of measures 
on the minor planets with the hehoineter, on G-ill’s plan, 
have already remarked upon the possible error in such obser- 
Tations arising from the probable difference of color between 
the planet and the star. A hypothetical estimate ot the 
amount of this error is worth attempting. Let us assume that 
iu the case of a minor planet the mean of the visible spec- 
trum corresponds to the line D, and that in the case of a star 
the same mean is halfway between the lines D and E. 
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The index of lefractioii of air has been detei mined inde 
peiidently by Kettllr and Lorentz for the diffeient lays 
The mean of then lesults foi the lays D and E is 

Foi B, ^ = 1000 2920 
Foi E, ^== 10002940 

These results aie accoidant in giving a dispeision between 
these two lines equal to about 0037 of the total refraction 
We have hypotheticallj taken the e\ti erne possible ditteience 
between planet and stai to be one halt of this At an altitude 
of 450 , wheie the lefiaction is about 60'^, the eiroi would be 
O'' 11 At an altitude of 30^ the eiior would be 0"20 We 
aie thus led to the noteworthy conclusion 
If the d%ference hefiveen the S 2 )eet>a of a mtnor plant t and a 
comparison sta^ is sncli that the means of thei) 'tcsjyective visible 
spectra^ 0 ) the appaient amounts of then ) e^pcct^ie reft actions^ 
difu by one tenth ot the space between I) and an erro) of 
0^ 07 0“ 08 may be piodnced m the appaient pa^allaic of the 
planet 

The question thus arising may be readily settled by measures 
^with the heliometer The distances of pairs of stars differing 
as widely as possible in coloi should be measured at different 
altitudes, when one is nearly above 01 below the other, in 
order to see what difference of refraction depending on the 
cold is indicated A colored double star, such as [3 Oygni, 
might also be used for the same purpose 
The minor planets are of diffeient coloi s I am not awaie 
of any evidence that Victoria or J^appho diffei in color from 
the aveiage of the stais, but 1 believe that Ins is somewhat 
yellow, or reddish Kow, in this connection, it is a significant 
fact that the parxllax found fiom observations of Ins, 8" 825, 
is the largest by Gill’s method 
I have already remarked that the value ot the solai p uallax 
derived from the parallactic equation of the Moon is one of 
which the probable mean eiioi is subiect to uncertainty 
While it IS true that the value maybe smaller than that we 
have assigned, we must also admit that it may be much larger 
Thepiobable erioi ot the determination by the lunai equa 
tion of the Eaith is largei than that of any othei method At 
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the same time I do not think that it is liable to systematic 
error, and we must therefore regard the mean error assigned 
as real. 

Results for the solar parallax after maMng allowance for prob- 
able systematic errors, 

82. Let us now see whether we can reach a satisfactory 
result by making a liberal allowance for the more or less 
probable sources of systematic error just pointed out. The 
modifications we make in the weights formerly assigned are 
these: We reduce the weight of Gill’s Ascension result to 
one-half, owing to the uncertainty arising from the color of the 
planet Mars. We retain the Piilkowa determinations of the 
constant of aberration with their full weight, but reduce the 
weight of the miscellaneous determinations. In the case of 
the parallactic inequality, we reduce the weight for the reasons 
already given. We omit Iris from the determination from the 
minor planets. W^e also reduce to one-half its former value 
the relative weight assigned to measures of Venus on the Sun^ 
on the theory that the actual mean error must be larger than 
that given by the discordance of results. Our combination 
will then be as follows: 

From the motion of the node of Yemis . . . . tt = 8.7G8 10 


From Ascensioyi observations .... 8.780 1 

From the Fulkowa constant of aberration , . . 8.793 40 

From contacts of Yemis with the 8wds hnib . . 8.794 3 

From heliometer observations on Yietoria and 

Sappho ' 8.799 5 

From the parallactic inequality of the Moon . . 8.794 10 

Fron miscellaneous determinations of the con- 
stant of aberration 8.806 10 

From the lunar ineupialiii/ in the motion of the 

Earth 8.81 8 1 


From measures on Venus in transit b.8o7 1 

Mean result, ignoring the first; 8''.7965rl::: .0045 

This mean result still difiers from tliat given by tbe motion 
of the node of Venus by more than five times the probable 
moT of the latter, and is yet farther from the combined result 
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of all the secular variations, so tliat no reconciliation is brought 
about 

The embariassmg question winch now meets us is whether 
we have here some unknown cause of clifierence, or whether 
the discrepancy aiises from an accidental accumulation of 
fortuitous eirois in the sepaiate determinations We have 
aheady discussed the formei hypothesis, and h we been unable 
to find any leasonably piobable cause of abnormal action 
The motion of the planes of the oibits is that which is least 
likely to deviate from theory, because it is independent of 
all forms of action depending upon (distance ftom the Sun, 
or upon the velocity of the planet 
An examination and compaiison of all the results shows one 
curious feature the unanimity with which the secular varia 
tious speak against the laige value of the solai parallax, or 
of the mass ot the Earth, as the one quantity xt fault The 
adopted motion ot the node of Yenus is sust lined not only by 
the meiiduin observations, but by the external contacts at the 
tiansits of 1701 and 17G9, and, weakly, by a comparison of the 
transits of 1874 and 1882 

If we determine the correction of the mass of the Earth from 
other secular variations than that of the node of Yenus, by 
the equations of § 03, we have, after eliminating the masses of 
Mercury and Yenus, 

k// = - 0 029, p e ± 018 

If, instead of eliminating these values, we put 

K ^ 7 = + 0080 , 

we have 

= — 0 026, p e ± 014 

In each case the value of the parallax is yet smaller than that 
found from the motion of the node of Yenus I have aheady 
remarked that the observed motiod of the ecliptic indicates 
an increase of the mass of Yenus 
The question thus takes the form, whether it is possible that 
the mean of the s- even determinations of the solar i^arallax 


7r == 8^' 797 ± 0035 
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can witli reasonable possibility be in error by an amount tbe 
correction of wbicb would bring it witliin tbe range of adjust- 
ment of tbe other quantities. 

Trom wbat bas already been said of tbe systematic errors 
to wbicb every one of tbe determinations may be liable, it is 
evident that we should have no difficulty in accepting tbe 
necessary reduction of each of tbe separate values. Tbe 
improbability which meets us is not so much tbe amount of 
tbe individual errors of tbe determinations as tbe fact that 
seven of tbe eight independent determinations should all be 
largely in error in tbe same direction.* Still, under tbe cir- 
cumstances, we must admit this possibility, and make wbat 
seems to be tbe best adjustment ol all tbe results. 

Definitive adjustment 

83. In making tbe definitive adjustment I shall proceed on 
tbe supposition that no correction is necessary to tbe adopted 
mass of Mars. I also go on tbe principle that no result is to 
be rejected on account of doubt or discordance, except when 
it is affected with a well-established cause of systematic error, 
and shows a large deviation in tbe direction in which this 
cause would act. At tbe same time it will be admissible to 
diminish tbe weights in special cases, on account of causes of 
systematic error wbicb we know to exist, although we can not 
determine tbe directions in wbicb they would act; and also on 
account of deviations so wide as to show that tbe probable 
error of tbe result must have been greatly underestimated. 
Proceeding on this plan, we might reweigbt tbe last eight 
results for tbe solar parallax, so as to get a result slightly 
different from 8''.797. But I doubt whether such a reweigbt- 
ing would not involve an objectionable bias. 

We might diminish the weight of the result given by the 
Pulkowa constant of aberration on tbe ground that no one 
method should have so preponderating a weight as this bas. 
If we did so tbe result might be increased to 8^^800. We 

* For a very searclimg criticism of tlie systematic errors with which the 
determinations of the solar parallax may he affected, reference may he 
made to the first two articles hy Dr. David Dill, in Vol. I of The Observa- 
to)y. 
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might very largely mciease the relative weight assigned to 
the heliometer obseivatious on Victoria and Sappho^ but no 
admissible increase would appreciably change the result We 
might also diminish the relative weight of tlie laigely dis 
cordant result derived from measures of Venus dining transit 
But as, by throwing out this result altogether, we should onlj. 
dimmish the mean by “ 001, it is scarcely worth while to do 
so Altogether no rediscussion of the relative weights seems 
necessary 

On the other hand, the weight which we assign to the mean 
result will enter as a verj impoitant factoi into the final 
adjustment This is a point on which it is impossible to reach 
a positive numerical conclusion by any mathematical piocess 
If, as one extreme case, we consider that the mean error of 
each separate result coiiesponds to ±0''' 03 for weight unity, 
we shall have a mean error of 0035 for the value 8^' 797 
The result will not be very difteient if we determine the mean 
error fiom the discordance of the eight separate results On 
the other hand, if we include the deviation of the lesult given 
by the motion of the node of Venus, the mean error for weight 
unity will be increased to A 0'^ 0045 The latter is undoubt 
edly the most logical course, so long as we proceed on the 
hypothesis that the deviations of the final adjustment can all 
be explained as due to fortuitous errors If we include a com 
parison with the results of all the secular variations we shall 
have a yet larger mean error To show the lesult of assigning 
one weight or the other I shall make two solutions, A and B, 
in one of which a less and in the other a gieatei weight will 
be assigned 

To the value 8'^ 797 i 005 or A 007 of the solar parallax 
corresponds 

- 0 049 A 0016 01 A 0025 

According as we assign one weight or the other to this result, 
we may take as the corresponding equation of condition of 
weight unity 


(a) 


01 


(A) ; 

(B) , 


= -^20 
GOOy^' =-29 
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The masses of Venus and Mercury, determined by methods 
independently of the secular variations, also enter as conditions 
into the adjustment. I have, however, made a revision of the 
preliminary adjustment given in § 64, the latter being based on 
the results of §§ 32-38; whereas it is better to use the defini- 
tive results of the combination used in § 46. 

For the mass of Mercury the result found in § 53 by the 
last combination is 


1 zt 0.35 
7 


943 000 


(&) 


The values of the denominator corresi^on cling to the mean 
limits here assigned are 

5 890 000 and 12 210 000 

These limits are so wide as to include all admissible results for 
the mass of Mercury. Moreover, we can not definitely say that 
the value {h) of this mass is markedly greater or less than that 
given by the weighted mean of all other results, since we 
might so weight the latter as to give a result greater or less 
without transcending the bounds of judicious judgment. I 
conceive, therefore, that we are justified in reducing the mean 
error to i 0.26, which will give as the equation of condition 

__ 0.055 ± 0.25 

and hence 


40 iT = — 0.22 ± 1 (c) 

When, in the normal equation for the mass of Venus, given 
by the observations on Mercury, we substitute the values of 
the secular variations found from the general combination of 
§ 46, the result is 

r'=:- 0.0114 

(Jombinmg this with the result from the Sun, we have 

7^' = -- 0.0117 

In view of the fact that the mass derived from obseryations of 
Mercury may be affected by systematic errors of the kind 
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shown and discussed in § 53, the mean erioi formerly assigned 
to this result should be somewhat diminished The lesult is 

40dl>06 

From this we have 

I / = + 0 0084 ± 0030 

For the equ ition ot condition ot weight unity I take 

330 f' = + J8 {d) 

With these equations of condition we have to combine the 
eleven equations of §63, which we use unchanged, except that 
we double the weight assigned to the sixth equxtion, that 
deiived fiom the motion of the node of Yeiius, on account of 
the snnllei pi ob able eiior of the result of our preceding leclis 
cussion, and use the value of thc^ absolute teiin t(>und in §80 
If we accept the view that all the pciihclia move aocoidiiig 
to the same law of gravitation towaid the Sun, namely, that 
expressed by Hall’s hypothesis, then the value of the quan 
tity d in the formula expiessing the law ot giavitation is so 
well determined by the motions ot Mercury, that it becomes 
legitimate to use the observed motions of the perihelia of the 
othei thiee planets as equ itions of condition But since it is 
not impossible that the minor planets between Mais and 
Jupitei may ha\e an appieciable influence on the motion of 
the peiihelion of Mars, it is a question whetlu i we should not 
exclude that motibn fiom the equations 
The conditional equations gi\ cn by the motions of the three 
peiihelia in question aie tound by comparing the results of 
§§4(>, 54, and 61 They are 

40 a? + 0 + 20 = -|- 1 0 

_ 14 + 46 +0 = - 0 ^ {e) 

2-13 +61 =+07 

The conditional equations to be combined are the eleven 
equations of §63, the sixth of which is to have double weight;, 
and the six equations (ct), (o), (^), and (e) 
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The normal equations to wMcli we are thus led are the 
following, which show the results of the- four combinations we 
may make according as we use (A) or (B) for the equation 
given by the mass of the Earth, and omit or include the third 
equation (d), which is given by the motion of the perihelion 
of Mars. 

{a.) Including the motion of the perihelion of Mars. 

9 607® - 7 147 v' - 11 335v" = + 220 

— 7 147 + 267 1-74 + 168 727 = - 587 

— 11 335 + 168 727 + 406 300 = - 3388 (A) 

— 11 335 + 168 727 + 606 300 = - 4328 (B) 


(/3.) Omitting the motion of the perihehon of Mars. 


9 603a; - 7 121v' - 11 457 r" = + 219 


- 7121 +267^ 

' — 'll iiV '' 



The results of the solutions in the four cases are : 


Aa 

X + 0.0147 + 

V 0.147 + 

v' + 0.004 34 + 

r" - 0.009 73 - 

1-i-m 6 539 000 

1 4- m' 408 230 

TT 8".783 


A/i 

Ba 

0.0142 

+ 0.0161 

0.142 

+ 0.161 

0.004 60 

4- 0.003 10 

0.010 05 

- 0.007 70 

6 567 000 

6 460 000 

408 120 

408 730 

8''.782' 

8'^780 


B/J 

+ 0.0158 
+ 0.158 
+ 0.003 25 
- 0.007 87 
. 6 477 000 
408 670 
8".788 


I conceive that if the secular variations, especially the motion 
of the node of Venus, are not affected by any unknown cause, 
some mean between these should be regarded as the most 
probable solution. The result does not, however, bring about 
a satisfactory reconciliation. We still find ourselves confronted 
by this embarrasstng dilemma; Either there is something 
abnormal in connection with the node of Venus, due to an 
unknown cause acting on the iilanet, to some extraordinary 
errors in the observations or their reduction, or to some error 
in the theory on which the discussion is based, or the deter- 
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mmations of the solai parallax are nearly all in erroi in one 
direction by amounts which are, in more than one case, quite 
surpiising 

Possible causes of the observed discoy dances 

84 Two possible causes of discoi dance may be suggested, 
one of which has not been touched upon at all m the pieceding 
chapters, and one peihaps inadequately As to the hypothesis 
of non sphericity of the Sun, consideied in §50, it may be 
lemaiked that Di Hartzer shows that an ellipticity of the 
Sun sufficient to x^roduce the obser^ ed motion of the peiihelion 
of Meicuiy would cause a direct motion of 5^^ 1 in the motion 
of the node of Venus This would conespond to a change of 
0^' 30 in the value smiDfc/9 and would therefoie go far toward 
reconciling the disciepancy But it is easy to see that this 
cause would produce a secular motion ot — 2" 6 in the mclina 
tion of Mercury We have seen that the observed motion of 
the inclination already exceeds the theoretic il motion by 0^' 38, 
so that introducing the hypothesis of ellipticity of the Sun we 
should have a disciepancy of about 3" 0 between theory and 
observation This conclusion alone seems fatal to the theory, 
which otherwise has been shown to be scarcely tenable 
The other possible cause is an inequality of long period, 
especially one depending on the argument which 

has a period of about two hundied and forty three ^years A 
very simple computation shows that the coefficient of this term 
IS only of the order of magnitude O'' 01 
It IS a cuiious coincidence that if we had neglected to add 
the mass ot the Moon to that of the Earth, in cc^mimtmg the 
secular variations, the discrepancy would not ha^/e existed 

Adopted values of the doubtful quantities 

85 The practical question "Which has been before the writer 
m working out the preceding results is What values of the 
constants should be used in the tables of the celestial motions 
of which the results of this discussion ai? to form the basis ^ 
Should we aim simply at getting the best agreement with obser 
vations by corrections more or less emxnrical to the theory^ 
It seems to me very clear that this question should be answered 
in the negative No conclusions could be drawn from future 
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comparisons of such tables with observations^ except after 
reducing the tabular results to some consistent theory. The 
imposition of such a labor upon the future investigator is not 
to be thought of. Moreover, there is no certainty that the 
tables which would best represent past observations would 
also best represent future ones. Our tables must be founded 
on some perfectly consistent theory, as simple as possible, the 
elements of which shall be so chosen as best to represent the 
observations. 

In choosing the theory and its constants we have again a 
certain range. If Ave accept the necessity of assuming the 
secular variations of the orbits of Mercury and Venus to be 
affected by the action of unknown masses of matter, then the 
simplest course to adopt is to construct our theory on the sup- 
position of a planet or group of planets between Mercury and 
Venus. 

It seems to me that the introduction of the action of such a 
group into astronomical tables would not be justifiable. The 
more I have refiected upon the subject the more strongly 
seems to me the evidence that no such group can exist, and, 
indeed, that whatever anomalies exist can not be due to the 
action of unknown masses of matter. 

Besides, the six elements of such a group would constitute 
a complication in the tabular theory. 

On the other hand, it did not seem to me best that we should 
wholly reject the possibility of some abnormal action or some 
defect between the assumed relations of the various quanti- 

doing was to increase thetheo- 
reticsil motio'h'''ofr',w4p|^#lto the same fraction of the 

mean motion, a course the observations 
without committing us to any hypothesis as to the cause 
pf %e pj:cess of motion, though it accords with the result of 
hypothesis of the law of gravitation; to reject entirely 
the hypothesis of the action of unknown masses, and to adopt 
fqr the elements wh^rti we might call compromise values between 
^ those reached by the preceding adjustment and those which 
would exist if there is abnormal action. The exigency of hav- 
ing to prepare the tables required me to reach a conclusion on 
this subject before the final revision of the preceding discus- 
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Sion, so that the luimheib used aio not wholly hasid upon it 
The conclusions 1 h.ive ie.iched aie these 

Since, it theie is nothing ahnorinal in the theory, the solar 
par.ilLi\ IS piobahly not niuch huger than 8'^ 780, and it there 
IS anything ahnoinnil it is prob<xblj <is laige as 8'^ 70*) or even 
8" <S()0, \\(> may adopt the value 8" 7h0 as one which is almost 
ceitainlv too huge on the one hypothesis <incl too small on the 
othei, and whidi is theretoie best adaptcsl to atloul a decision 
ol the (luestion 

h'oi the iiniss ol \ eiius I took, ,is in iiitei mediate value, 
m' = 1-408 000 

For the mass of Mercury I took 

1 - (»,() 00,000 

Actually it scmins that this mass is 1 iigci than the inostprob 
able one on ccithcu hyiiothesis, though not without the laiige of 
easy possibility 

With these values thecnitstaiiding diffei once between theory 
and observation in the centennial motion of the node of 
Venus 18 

J sill 7 I), tt = 0"l.'5 

It this diffoieiice arises wholly tiom the erioi of the theory, 
then between the transits ot 1874 and 2004 the accumnlated 
erroi would amount to 0" 82 in the lielioeenti ic latitude, and 
about 0" 8 in the gc'ocentiic latitude Unless an impiovement 
iH made in the method of doternniiing the position of Vemis 
by observation, the twcmtieth centniymiist iijipioach its end 
befoto this (liflercmc e c an Im clcds'c tc'd 

lit anno »f fxtme deternunaitona on the question 

8(1 The following shows the iiitiuence which subsequent 
determinations of the piineipal elemeuts will liace uiiori our 
ludgineiit as to the solution of thcc dilemiiffiii The changes in 
the sc'eond coliiiiiii will, by emphasi/ing the discordance 
bcdweeii the lesnlts, tend to confiim the hypothesis ot an 
abnoimal detect in the theoiy, while the opposite ones, m the 
last column, will tend to reconeile theoiy and observation 
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Element or quantity 

Change tending to 
confiim the dis- 
cordance 
between theoiy 
and observation 

Change tending to 
reconcile exist- 
ing theory with 
observation 

The solar parallax 

Inn ea^e 

Diminution 

Longitude of the node of Mercury 

Increase 

Diminution 

Longitude of the node of Venus 

Increase 

Diminution 

Constant of abeiiation. 

Dinnuiition 

Int rease 

Mass of Venus 

Int } ea <;e 

Diminution 

Mass of Mercury 

Diminution 

Increase, 





Among these constants are some the values of which can 
scarcely be decisively obtained except by observations con- 
tinued through half a century, or even through the whole 
twentieth century, unless improvements are made in our pres- 
ent methods of observing. 

The improvement of others, however, is quite within the 
reach of the astronomy of the present time. Among these 
the constant of aberration and the sola? patallax have the 
, Xho more aocdrate <tet^?minati6n of these quanti- 
which may justify some sug- 

gestions on the snb|e» ' 

The observations made on the European continent for the 
detection and study of the variations of latitude have been 
e:^0btited with such precision that we might look to them for a 
murked improvement in the determination of the constant of 
aberration, were it not for a single circumstance. In the gen- 
eral average few are made after midnight, while the maxima 
and minima of aberration occur in the morning and evening. 
The extension of the system into the early morning therefore 
seems desirable. Although these observations may scarcely 
equal in accuracy those made by Kyri^n, with the prime 
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vertical tiansit, they luue the <i(lv<uit<ig(' o( not i (“((uii mg ho 
long <i ])eiiod foi a (ouiplcfc* obseivation Tim gieit disad 
vantage ot the pinne ^e^ll(al instiiiment is th.it nnh'ss <i Htai 
cuhnmatis v itliin i lew nunntes ol tin* /(iiith, an liom oi 
even se\ei il horns, will be leinined loi the ( onipletion of a 
d(‘ttimin<ition, wludi nny thus hi iiiadc' impoSiSible by the 
advint ol d lylight It nno be uiniikcd in this toniuation 
thitlln noitln in latitinU s ol llu Miiiopi in obsei\atoiu>s aie 
t.uoi ibletollie deteiniiinitioii ol tlu'.ibiii ition < oust inf 

L( n wv’s mid hod Inis o\ ( 1 ailoiheis the gii'il idvant.igi* ol 
being indepi'iident ol the diieition ot the \eitical Hut itH 
application, and the reduction of the observ.itioua made with 
It, aie laborious in a high degree 

Ho tai as piactical astionomy has -yet diveloptd, tlie best 
method ot dneitly measimng plaiKdaiy i>aralla\, ,ind there 
tore the only one to lx (onsidi led, is that ol (!ii i It there 
tore seems (hsii.ihh' that meisiiiis by this nntliod Hhonld be 
(ontmued At the s.uik time it is v< i y nei cKsaiy that the 
siiectraof the small planets to be used should be (aielully 
Studied photometrically, ami that the probable iiifluoiiee of 
coloration upon the measures should be investigated 

The neiosHityof eoinphtmg the pioseiit woi k, and ol pro 
ceeduig mimodiatc'ly to the ooiistnu tion ol tables loiinded 
upon the adopted elements, prevent the authors awaiting the 
mature ludgment of astronomers upon the emharr.issing (jues 
tioiis thus laised The regret witli whuh h<* aieepts this 
necessity 18 weakened by the eomsideiatioii that even it the 
Solai parallax which he Inis adopted leipiiKs llu> kiigist coi 
rectioii to which it c an i (‘asniiahly 1 k‘ supposed Mub)oct, namely, 
one of — 0 " 0 ir», lediK mg the value' of this constant to 8 " 775 , 
the ( llei t of the enoi will not bo pr^udicial to the astionomy 
ot the mmu'diate liiture 

More important will be the error 0 " Odd ui the consfautof 
aberration Yet a long conlimied senes ot obsei vations will 
be necessary to establish evc'ii fho existence' of such an error, 
and slionld it prove cletiimeiital m any astronomieah work the 
evil Mill 1)0 easily uunedied by a, slight corroctioiu ' 

6690 N Ai M 12 



CHAPTEE IX. 

DERIVATION OF RESULTS. 

Ulterior corrections to the motions of the perihelion and mean 
longitude of Mercury. 

87. In §§32 and 46 we Eave reached three values of the 
correction to the tabular motion of the perihehon of Mercury. 
Of these the first rests on meridian observations alone, the 
second on the combination of meridian observations with trans- 
its, and the third is derived by substituting in the eliminating 
equations the corrections to the solar elements 4nd their secular 
variations which result &om observations. The three values 

"(fi^igeiiee of these values, taken in connedfcidti^Mli 
the discrepancy pointed out in §33, leads us to distrust the 
influence of the meridian observations upon the motion of the 
perihelion. Under these circumstances I deem it advisable to 
make such final corrections to the motions in mean longitude 
and mean anomaly as will best satisfy all the observed transits 
over the disk of the Sun. In doing this I am enabled to intro- 
duce the results of a preliminary discussion of the transits of 
1891 and 1894. By combining the observations of these two 
transits with those of the older ones I derive the following 
values of the functions V and W defined m § 31 : 


// // 

V = — 1.93 — 3.03 T 
W =-+-1.50-1- 2.04 T 

'l^‘'^^»iinary theory, so far as yet investigated, gives for 
‘t^is quantity. 




-’-tv ,> ' 




tr 


^4:0X„ , ,, 

' •^ = ‘1+. 1.88 4- I'^T 
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Equating these values to the corresponding lineai functions 
of the coriections to Z, tt, and their secular motions, we have 
the equations, 

// // 

0 72 (JZ + 0 28 dTT = + 0 12 + 0 C8 T 
+ 1 40 - 0 49 = + 0 51 + 0 37 T 

We find, from these equations, 

// fr 

61 = +026 + 0 SOT 
67C= _ 0 24 + 0 67 T 

The preliminary values to which these corrections are appli 
cable are 

// // 

61 =+004-133T 
67r=-it- S83 + 0 34T 

The dehnitive values thus become 

// // 

61 = + 030-0 77 T 
(y7r = + 569 + 731T 

Definitive elements of thefom inner planets for the epoch IhSO, as 
inferred from all the data oj obsei cation 

88 We have made a fourth solution of the normal equations 
which give the corrections to the elements ot each planet by 
substituting in those equations the definitive values of all the 
other quantities, including the values of the seculai variations 
dein ed from theory In making this substitution loi Meicuiy, 
however, the ulterior <orre<tions pist ioiiiid were not applied 
The values of the unknowns lesulting Iroin this solution are 
shown 111 the lust column of the next table From these 
numbeis aie deiivedthe definitive elements for 1850, bytlie 
following processes 

[a ) By multiplying the unknowns by the approiiiiate factor 
given in §27, we have the coiroctioris of the tabulai elements 
<it the niid epoch of observations for cai h planet These cor 
reitions are found in the second column 

) The piecoding coriections aio to be reduced from the 
respective mid epochs to 1860 This i eduction is found hy 
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multiplying the definitive correction to the tabular secular 
variation by the elapsed interval, and is shown in the third 
column. 

[y) We next have the value of the tabular elements for the 
fundamental epoch 1850, January 0 , Greenwich mean noon. 
These numbers are those of Leveueier’s tables, with the 
following modifications: 

(d) The reduction from 1850, January 1 , Paris noon, to 
January 0, Greenwich noon 

(€) The corrections to Leverrier’s values of the eccen- 
tricity and perihelion which are necessary to represent those 
terms in the perturbations of the mean longitude which depend 
only upon the sine and cosine of the mean anomaly. The 
theory is more symmetrical in form when all such terms are 
included with those of the elliptic motion. In Le verrier’s 
tables they have the following values: 

, ' ' , i' 1 1' \ < ;■ 

f ' - // '' ' ' /'/ ' ’ ' 

Mercury 5 d-?? =? + 0.030 sin I — 0.111 cos I 
Yenusf +0.010 +0.037 

Earth; -0.067 -0.098 

Mars; +1.061 +0.718 

These terms of the longitude may be represented by the follow- 
ing corrections to the elements : 


// // 
Mercuryj 66= + 0.058 dn ~ 0.0 
Yenusj — 0.012 + 2.3 

Earth ; + 0.054 + 1.4 

Mars; + 0.613 ~ 1.0 


" Applying these corrections d and a to Leverrier’s tabular 
quanti€§s^ we have the values of the tabular elements as given 
in the fourth cplumn. Then applying the preceding correc- 
tions we have the definitiye valpes given in the last column. 

In some cases this’ derivation is modified- Instead of using 
the correction to the perihelion, mean longitude and mean 
motion of Mercury given by the unknown quantities of the 
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equations, we have used the values foi 1850 derived iioiii tlie 
discussion of the pieccding section 
The quantities ^\lllcll give the position of the node and 
inclination liave been floated in tin same way as tlieii secular 
vaiiations The symbols d and N induate values of the 
unknown (piantities lelated to the (oircdions of the elements 
J and N *Tliese unknowns aie tin n < Imnged to ( onections of 
the elements by the f<utois of uid these <igain to <oue( 
tion of the nu lination <ind nod(‘ l>\ tin (spiations of 11 

In the (<iseot the nodiMil Venus two v dues ai<‘ given The 
vdue(^0 IS th it whuh follows immediately fiom the noimal 
equations If we carry foi ward the position ot the node pist 
derived to the mean epoch of tin last two tiansits of Venus, 
we find a disci epancy amounting to in the longitude, 

conesponding to a dillcience of 0'^ IJl in the ludioi entiic lati 
tilde This IS < oiisidi Libly laigei tlmn th(‘ piobabl(‘ enoi of 
theiesultsol the ol)sei\<dions of the tiansits It nu>,theie 
loie, be (piestioned whethci the litti i ai(‘ not entitleil to a 
greater relative weight than that assigned, owing to the prob 
able systematic errors of the meridian observations A second 
value {h) has therefore been derived from the observations of 
the transits alone In subsequent investigations we may 
choose between these two values 

Formation of defimtm demenh oj the/ou) inmr planets^ fo^ tkd 
ejpoch lb50y Januaiy 0 , ihetnnmh mean noon 


Min mil 



Unknown of 
oquatioiiH 

(^on of 
cl omen t 

Rod to 
1850 

fabular 

element 

f 

Oonolucled 

element 

n 


0940 


tr 

0 77 

00 

ff 

538 100 054 40 

f/ 

518 100 053 72 

e 

— 

0741 

— 

0 222 

^ 0 005 

42 400 OHS 

12 108 861 

n 

+ 

0703 

"k 

5 'lO 

0 

7°5 7 lo'Vs 

75 7 10 37 

i 

— 

0402 

+ 

0 10 

0 

123 11 23 53 

323 11 23 83 

% 

— 

27()2 J 

— 

0 (il 

« 0 07 

7 0 7 71 

7 0 700 

e 


0001 N + 

188 

0 27 

4() 33 8 (hi 

40 33 12 24 
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Formation of definitive elements^ etc, — Continued. 

Yenns, 


Unknown of 

COIT of 

Red. to 


Tabular 

Concluded 


equations. 

element. 

1850. 

element. 

element. 



// 

// 



// 



// 

n 

- .1783 

- 3.57 

0 

210 669 165.04 

210 669161.47 

e 

+ .1463 

+ 0.439 

- 0.165 

1 411.522 


1 411.796 

7C 

+ .0835 

+ 36.6 

-16.4 

129 

27 

ii 

14.3 

129 

27 

34.6 

1 

- .1330 

- 0.67 

+ 0.46 

243 

67 

44.34 

243 

67 

44.13 

i 

+ .0968 J + 0.31 

+ 0.12 

3 

23 

34.83 

3 

23 

35.26 

^(a)+ .0126 N 

- 9.39 

+ 6.63 

75 

19 

52.21 

76 

19 

49.45 

e{b) 

- 20.36 

+16.56 




76 

19 

47.41 




Farth, 








// 




// 



// 

n 


-1.10 


129 602 767.84 

129 602 766.74 

e 


+ 0.12 



3 459.334 


-3 459.454 

7t 

. ' 

-2.4 


100 

21 

43.4 

100 

21 

41.0 

e 


-0.15 


23 

27 

31.83 

23 

27 

31.68 

1 


+ 0.02 


99 

48 

18.72 

99 

48 

18.74 




Mars. 








// 




// 



// 

n 

~ .1094 

- 0.88 

0 

68 910 105.38 

68 910 104.50 

e 

- .1088 

- 0.155 + 0.058 


19 237.101 


19 237.004 

7t 

+ .1663 

+ 2.38 

+ 0.02 

333 

iV 

52.47 

3& 

17 

54.87 

i 

- .4029 

-0.81 

+ 0.05 

83 

9 

16.92 

83 

9 

16.16 

i 

- ,0607 J + 0.18 

- 0.01 

1 

51 

2.28 

1 

51 

2.45 


-f .1136 N+ ■ 

+ 1.34 

48 

23 

53.02 

48 

24 

0.92 


Definitive values, of the secular variations, 

89. The definitive values of the secular variations, as inferred 
feo^ the adopted theories and the concluded values of the 
shown in the following table, which gives in detail 
the of which each quantity is made up. 

The first four lifies of the table give the values of the secular 
variations as th^y the investigations found in Yol. 

Yy PartlYj Of P after correcting the 

mass of each platoet b;^ its appropriate factor. 

The motion of the perihelion first given, denoted by Dt ;ri, 
is measured along the plane of the orbit itself. The numbers 
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iDeiiig divided by the corresponding values of the eccen 
Kity ysre have the motion ot the perihelion itself along the 
lane. The symbols to and represent the inclinations and 
^Jigi’fcxxdes of the nodes referred at each epoch to the ecliptic 
nd eqLuxnox of 1850, regarded as fixed The motions of these 
l<‘iuoiits are next to be leferred to the fixed ecliptic of the 
ate So refeired, they aie designated as D? i and DJ 6 The 
ansToimations to the latter quantities are made by comput 
ig 5XX1 approximate value of the motion of the node due to 
ttxotion of the ecliptic alone along the plane of the orbit 
^gardLed as fixed 
U we put 

tilxe inclination of the fixed orbit of the planet at any epoch 
To to the moving ecliptic at any time, 

^ 1 , ■fclie longitude of the corresponding node, Qi, 

^ , “felie distance from the node Q>x to the instantaneous rota 
tion axis of the oibit at the epoch To, 

m slxstll have 


D^y = k" cosec %\ sm (L'' — ^'i) {a) 

If we compute and h from the equations 

K sm Vo = sin ^o D? 

K cos Vo = DJ to 

nd tilxeTi find ^v by integrating the value [a) of from 1850 
> the date we shall have 

sm ^ D; = 7i sm [vo Av) 

DJ ^ = H cos {vo + Ay) 

'lie c^lxange of Dtv between 1850 and the extreme epochs has 
ean found so nearly uniform that it was sufficient to multiply 
.8 va^liie at the mid epoch (1675 or 1975) by 2 5 to obtain Av 

we have the changes in % and 6 due to the motion of the 
chptiio, represented by and and computed by the 

DJ t = — yd’ cos {y” — B) 
sm ^ 6 ^ = — yd’ cos % sm (y” — 6) 
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The planetary precession due to the motion of the ecliptic is 
here omitted, to be afterwards included in the general preces- 
sion. The sum of the two motions gives the actual variation 
at each epoch, referred to a fixed equinox. 

The motion of 6 itself thus found is increased by the general 
precession, which gives the motion of 6 at each epoch. 

The motion of the perihelion to he actually used in the tables 
is equal to the motion of the node from the mean equinox, plus 
the increase of the arc of the orbit between the node and 
perihelion. The adopted value of this quantity is found by 
increasing the motion of tti by the following quantities : 

1. The change due to the motion of the plane of the orbit. 

2. The change due to the motion of the ecliptic. 

The formulae for these two quantities are 

(1) ; Dt ^ = tan J isin.iT>l d 

(2) 5 tan i i sin — ^) • 

/ . / ' '' ^ ^ ,,, ^ ‘ ‘ ' 

3. The excess of motion shown by observations in the case 

of Mercury and Mars, and computed for all four planets as if 
they gravitated toward the Sun with a force proportional to 


n = 2.000 000 16120 
The values of this correction are 


Mercury j Dt tt = 43.37 
; M , ! Venus; 16.98 

‘ ,-,r“.v|6arth^ 10.45 

5,55 

4. The general precession. 

Q0,g0 Qf -the Earth, .the motion arising from the 
[pon, of which the amount is 

But the 


: in this case. 

Thepreoedi^ variatio'h#Ure 

made with the oodgihhl defeats V ^ud i, as given 

in l^art IV, pp. 337, 338. 
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i^eculat mnahons of thr tUimnts of the font otints at the thra 
epochs, f()O0, IhjO, and 3 WO, as infer ted from the defimtiwhj 
adoptid tnasHis 

ypHfny 




IbOO 


IS )() 


2100 



// 


// 


// 


+ 

4 2r>7 

+ 

1 227 

+ 

1 190 

< 1), Ti 

+ 

109 “>J1 

4“ 

109 0),S 

+ 

109 177 

I)','/,, 


J1 ISI 


21 7()S 

— 

21 771 

8U1 l„ \ 

— 

71 hOi 

— 

71 <109 

— 

55 049 

D-’i 

— 

J1 78() 

— 

21 768 

— 

21347 

8111 % D;fi 

— 

54 813 

— 

519(>9 

— 

57 110 

Dll 

+ 

NSI 

+ 

28 1 1 

+ 

27 787 

am ( 1)( fl 

— 

17 V)U 

— 

^7 J97 

— 

37 797 

n, 1 

+ 

7 09, s 

+ 

i) Tin 

4* 

(> n<s 

Mill 1 \ d 


9J 00<> 


92 0>O 


92 727 

J I)t?r 

-« 

1 06 

— 

1 00 

— 

1 00 

Dtn- 


nms 41 


5508 70 


5604 02 

i\d 


4202 08 

0 

4200 12 


42(>9 24 




Vmt(H 






// 


// 


tf 

I), 1- 

— 

<) 070 


9 800 


9 772 

(sHtn-i 

+ 

0 384 

+ 

0 210 

4* 

0 0(>0 

l)?io 


J484 

— 

H)71 

«- 

3 05() 

sin to D',' i9o 

— 

50 005 

- 

79 112 

— 

7<)229 


— 

iOlO 

— 

i071 


3 091 

am ( 

— 

58 078 

— 

50112 

— 

59 260 

i);i 

+ 

6 600 

+ 

0 095 

+ 

0 607 

sin t d; h 


40 758 

— 

10 582 

— 

40 413 

l\l 

+ 

3 OH 


nJ21 

4" 

3 ()06 

sm t Dt d 


105 7 m 

— 

107 094 

— 

107 073 

JD^rr 


0 0» 

— 

0 i? 


0 38 

I), 7T 


7090 07 


5072 44 


5054 02 

1>, 1^ 


3230 30 


3237 98 


3245 22 



Lse DEFINITITE BESULTS. 189, 90 

Secular variations of the elements of the four orUts, etc.— Cont’d. 


Earth. 



1600. 

1850. 

2100. 


// 

// 

// 

Bt e^' 

_ 8.467 

- 8.596 

- 8.727 


+ 19.293 

+ 19.210 

+ 19.139 

Dt Tt'^ 

6179.58 

6187.41 

6195.68 

-h!’ sm Lo 

+ 4.370 

+ 5.341 

+ 6.306 

cos Lo 

_ 47.113 

- 46.838 

- 46.550 

log 

1.67500 

1.67340 

1.67187 

L'o 

1740 42'.04 

173° 29'.68 

172° 17'.18 

'Ll' 

171® 12'.83 

173° 29'.68 

175° 46'. 62 


5034.91 

6036.13 

5037.36 

P 

5018.28 

5023.82 

5029.38 

Jr 

_ 46.761 

_ 46.838 

- 46.847 


Mars, 

n 

+ 18.623 

Dt e 

// 

+ 18.775 

// 

+ 18.706 

eDt TT] 

-f 148.633 , 

+ 148.707 

+ 148.762 

d; ^0 

- 28.994 

_ 29.396 

_ 29.803 

sin io D; do 

_ 34.023 

_ 34.012 

- 34.017 

T>Vi 

_ 29.482 

_ 29.396 

- 29.309 

siuiD?^ 

_ 33.605 

— 34.012 

- 34.445 

i>;^ 

+ 26.964 

+ 27.104 

+ 27.246 

sin. i D; (9 

_ 38.860 

_ 38.551 

- 38.247 


' _ 2.618 

_ 2.292 

_ 2.064 

sin iDt^ 

_ 72.466 

_ 72.563 

- 72.692 

Zl Bt 7f 

+. 0.08 

4- 0.07 

+ 0.06 

Bt Tt 

6621,51 

0623.96 

662(;.25 

Bt^ 

2776.39 

2776.87 

2776.03 


Secular acceleration of the mean motions, 

90. The mean motions of thie planets, like that of the Moon, are 
subject to a secular acceleration arising from the secular vari- 
ations of the elements of the orbits. The following formula', 
for this acceleration are formed by differentiating the known 
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expressions for the variation of the longitude of the epoch m 
the theoiy of the vaiiation of elements The notation is that 
of Astronomical Papers, Vol V, Part IV 
We compute foi the action of an outei on an inner planet 

A = D 

B =3(D -D2-2D»)c'?' 

O 

c =^(D* + D3)c';> 

W= 5(2-<)D + 3D2 + 4D5)c'1> 

O 

Then 

Dt lo = m' a n'Dil A + ■— + Wee' cos (tt — tt')} 

Foi the action of an inner on an outei planet we compute 
A' =~-(l + D)CV 
B' = i(D + 2D»+ D3)c‘?' 

C/ = |(3D + 5D» + 2D3)c<;> 

W'= g(10 + 3D-9D2-4DS)c(|) 

O 

D? Iq = mn' Dt {A'a^ + B'e® + G'e'^ +W'ee'cos(;r — ;r')} 

The symbol Dt indicates the secular variation of the expres 
Sion following it produced by the action of all the planets The 
unit of time must be the same one m which n is expressed 
The following table gives the results of this computation 

Secular change of the centennial mean motions 


Action of— 

Mercury 

Venus 

Earth 

Mars 


// 

// 

// 

// 

Venus, 

-0 0426 


- 0 0104 

40 0010 

Eaith, 

-0 0029 

4- 0 0128 


40 0119 

Mars, 

+ 0 0003 

-0 0001 

- 0 0012 


Jupiter, 

- 0 0039 

-0 0046 

- 0 0308 

40 0004 

Saturn, 

- 0 0004 

40 0015 

+ 0 0021 

'+0 0036 

Total, 

-0 0495 

40 0096 

-0 0403 

40 0169 
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The measure of time. 

91. The fictitious mean Sun whose transit over any meridian 
defines the moment of mean noon on that meridian is a point 
on the celestial sphere having a uniform sidereal motion in the 
plane of the Earth’s equator, and a Eight Ascension as nearly 
as may be equal to the Sun’s mean longitude. If we put jj, for 
this uniform sidereal motion and add to ja the precession of the 
equinox in Eight Ascension we have for the mean Eight Ascen- 
sion of this fictitious mean Sun 

r = n + // T -f 4606^^36 T + 1^^394 

Erom §§ 88, 90, and 100 the exj^ression for the Sun’s mean 
longitude, affected by aberration, is found to be 

L = 2790 47/ 58//.2 + 129602766''.74 T -f 1^^089 

Equalizing the coefficients of T we find, for the mean Eight 
Ascension of the fictitious mean Sun 

r = 2790 47' 58".2 + 129G02766".74 T + 1''.394 

This differs from the mean longitude of the actual Sun by the 
quantity 

r - L =. 0".305 T2 = 0«.020 

This difference is of no importance m the astronomy of our 
time, but may result in an error of 2® in the course of one thou- 
sand years in the measurement of time by the actual mean 
sun. ' We must leave to the astronomers of the future the 
question how best to meet the question thus arising. Chang- 
ing to time the expression for r, the difference or mean excess 
of sidereal over mean time for the meridian of Greenwich 
becomes 

r = 18'' 11^880 + 24" 0"‘ 1®.84449 t + 0«.0929 

^ being time in Julian years after 1850, January 0, Greenwich 
mean noon. 

Constant of aberration. 

92. We first investigate certain fundamental constants con- 
nected with the motion of the Sun, Earth, and Moon, on which 
the precession and nutation depend. 
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From the adopted value ot the solai parallax, 

= 8" 790, 

and the adopted velocity of light iii kilometeis per second, 

V = 299 800, 

follows for the constant of abei ration the value 

A = 20" 501 

But if we accept the mean result of the solutions of § 83 as 
giving the most likely value of tlie solai parallax, we shall 
have 

7t = 8" 7854 

Then § 75 will give 

A = 20" 511 

as the adprsted value of the constant of abeiiation 
Mass of the Moon . 

93 By means of the equation of § 71 between the lunar 
inequality P in the motion of the Eaith and the mass of the 
Moon 

/I'P = [1 78207] 7t 

we may find a fresh value of the Moon’s mass from the values 
ot Tt and P 

We have found from observation 

P = (>" 405 ± 015 

Thus follows, for the mass of the Moon, when 7 r = 8" 790, 

;U = 1 81 32 ± 0 20 

Combining this with the value found from the constant of 
nutation, 

M = 1 81 58 i 0 20 

we have, as the definitive mass of the Moon, 


M = 1 81 45 ± 0 15 
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Tarallactic inequality of the Moon. 

94. From the transformation of Hansen’s lunar theory in 
Astronomical Papers, Yol. I, it may be concluded that the solar 
parallax and the parallactic inequality are connected by the 
relation 

P. I. = [1.16242] n 

= [1.15176] TT 

Hence we have, for the coefficient of the parallactic inequality 
of the Moon, corresponding to tt — 8^'.790, 

124^^66 

Here the inequality is that in ecliptic longitude. 

The eentimeter -second system of units. 

95. There are certain methods in physics by which the next 
step in the course of our researches will be guided. The adop- 
tion of a system of absolute units has simplified the methods 
and conceiitions of physics to such an extent that we may 
find it advantageous to introduce a similar system into those 
investigations of astronomy which are closely connected with 
that science. 

The fundamental units most widely adopted are the centi- 
meter as the unit of length, the gram as the unit of mass, 
and the second as the unit of time. There is, however, an 
insuperable difficulty in the way of introducing the gram, 
or any other atbitrary terrestrial unit of mass, into astronomy, 
from the fact that the tekonomical masses with which we are 
concerned can not be determined with sufficient precision in 
units of terrestrial mass. It is, therefore, quite common in 
celestial mechanics to regard the unit of mass as arbitrary, 
and to multiply this arbitrary unit by a factor which will 
represent its attractive force upon a unit particle at unit dis- 
tance. The introduction of this factor is, however, needless. 
It is simpler to adopt the course of Delaunay and many other 
writers, and regard the unit of mass as a derived one, based 
on the units of time and length, by defining it as that mass 
which will attract an equal mass at unit distance with force 
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unity In this definition the unit of force retains its physical 
meaning, as that force which, acting on unit mass, will pro 
duce a unit of acceleration in a unit of time 

The number of fundamental units is then reduced to two, 
those of time and length, and the unit masfe becomes a derived 
one of dimensions, 

M = L'^T^ 

The centimeter as a unit of length would be inconveniently 
small foi astronomical pui poses, if we had to deal mainly with 
natuial numbers, but it causes no inconvenience in logarith 
mic computations, and has the advantage of being assimilated 
directly to the centimeter gram second system in physics 
We shall therefore adopt it, expressing our results, however, 
111 terms of other units whenevei con\ enience will thereby be 
gained 

I shall make clear this assimilation and the use of the unit 
of mass as a deiived one, by calling this the centimeter 
second system 

In the latter the definitions of units in the centimeter 
gram second system will remain unchanged, except that the 
derived unit of mass must be substituted for the gram The 
dimensions of units m the ccntimetei second system will be 
found by making the above substitution for M m the expres 
sions for those of the centimetei giam second system 

Masses of the Earth and Moon %n cenfimetey second nmU 

96 A fundamental quantity in the centimeter second system 
IS the mass of the Earth This mass will be by definition the 
force of gravity of the Earth, if concentiated m a point at the 
distance of one centimeter Weie the Earth a sphei e of knovn 
dimensions, it could be readily determined through the force 
of gravity at any point on its surface This being not the case, 
we shall proceed on the accepted approximate theory that the 
geoid IS an ellipsoid of revolution, and that the force of gravity 
at a point the sine of whose latitude is 1 is the same as 
if the mass of the Earth vere concentrated in its center 

The determination of this constant with astronomical preci 
Sion IS a diflacult and we might say hitheito an insoluble prob 



193 


DEFINITIVE Q UANTITIES, 


[96 


leni, owing to tlie heterogeneity of the Earth and the absence 
of determinations of the force of gravity over the surface of the 
ocean. Although the limits of uncertainty thus arising can 
not be set with any approach to precision^ I do not think they 
are such as to greatly impair the astronomical results which 
are to be derived from them. Investigations in geodesy not 
being practicable in the present work, I have, mainly from a 
study of the work of G. W. assumed for the length of 

the seconds pendulum at the point the sine of whose latitude 
is I : V3” which I shall call the mean latitude, 


Li = 99.2715 


With this we may compare Helmert’s expression for the 
length of the seconds pend.ulum in terms of the latitude 



From these values of Li we have: 


Hill. 

Gravity at mean latitude, 979.770 

Correction for centrifugal force, 2.260 

Attraction of the Earth, 982.030 


Helmert. 

979.745 

2.260 

982.005 


I also accept as the I’csult of On arke^s investigation of 1880, 

Bquatbr1itlf^!ii#df the Earth, 6378249“^ 
Eeduction to mean latitude, 7245 

Mean radius of the Earth, 6371004 

From Hildas and Helmert’s numbers follows : 

Logarithm mass of MdrM eai^tessed in centimeter- second units. 

Hill. ' Hblmert. 

20.600541. 20:600550, 

^Asttammical Facers Ill, P- 339. 
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From the adopted ratio of the mass of the Moon to that of the 
Earth 

/x = l 8145 

follows 

Logarithm of the mass of the Moom m centimeter second umts^ 

18 68965 


Parallai of the Moon 

97 From these results the distance of the Moon and the 
relation between the mass and distance of the sun follow m a 
veiy simple way By the formulae of elliptic motion it follows^ 
that when we put 

w', the masses of any two bodies revolving around each 
other in virtue of their mutual gravitation, 
the semimajor axis of the leUtive orbit, which would 
be the actual distance if the motion were circular, 
their mean angular motion in unit of time, 

we have the relation 


=:zm + m' 

This relation is iigorous and independent of the adopted units 
of length and time, provided we dehiie the unit of mass in the 
way already done It follows that if the Moon in its revolu 
tion around the Earth were not subject to disturbance, its mean 
motion in one second, and its distance expi essed in centimeters, 
would be connected by the relation ’ 

Log a’ n? = log m" ( 1 + ,tt) = 20 605841 

In the theories of Delaunay and Adams the quantity a, as 
determined by this equation, is accepted as a fundamental 
element, and it is shown that in consequence of the perturba 
tions produced by the Sun the constant 77„ of the Moon’s hor- 
izontal parallax is connected with a by tlie relation 

a sin 77o = 1 000907 p 

p being the radius of the Eaith corresponding to Ho 
5690 N ALM 13 
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From the mean sidereal motion of the Moon in a Julian 
century 

1336 . 85136 revolutions 

we find, for the co-logarithm .of the motion in arc in one 
second 


\os—= 5.574841 
^ n 


and thus have for the undisturbed mean distance of the Moon 
in centimeters 


log a = 10.585174 


and hence 

lo^ sin JIo = 8.219921 

Bed. to sine, — .16 
Constant of sin n in arc, 57 2,52 


Using Helmert’s length of the seconds pendulum we 
should have found for this constant 

3422'^.55 


Mass and j^arallax of the Sun, 

Im. fihe case of the motion of the center of gravity of the 
Eariii apd liop® aarpnnd the Sun the relation of § 97 becomes 

^/3 ^/2 — jyij fjfi/i (1 -j_ 

/ mass of the Sun. Eeplacing a' by tt, the parallax 

the radius of the Earth, we find for the 
uf t^L-e ^un to the sum of the masses of the 

' ' (1 + fi) siii® Tt 

. ,, ’ io^'Mw®'=-a34^4 
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The values of M corresponding to certain values of the mean 
equatorial horizontal parallax of the Sun are as follows 


n 

M 

// 

8 780 

330514 

8 785 

329951 

8 790 

329388 

8 795 

328827 

8 800 

328266 


Nutation and mechamcal elhpUcity of the Earth 

99 Eegarding the mass of the Moon as known, we now^ 
utilize the equations of § 67 to obtain the constant of nutation 
and the mechanical ellipticity of the Earth The last two of 
these equations give, for the absolute piecessional constant, 
when the J uhaii year is the unit of time, 

P = [[6 976052 ] + 6310 " o ] 

We have found, in § 66, for a Julian year 

p = 54'' 8990 

We then have, foi the mechanical ellipticity of the Earth, 

= 0 0032763 

We also have, from the hist equation ot ^ 66, for the constant 
of nutation for 1850 


= 9" 214 


For the parts of the piecessional constant which arise from 
the action of the Sun and of the Moon, respectively, we have — 


17 3919 
37 5071 


Action of the Sun 
Action of the Moon 
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Precession. 

100. In order to develop the terms of the precession and 
obliquity to higher powers of the time, I have extended their 
computation one step backward and forward from the three 
fundamental epochs, by extrapolation of x and L. The results 
are as follows : 

Motion of the ecliptic and equator. 


Year. 

log. K. 

L 

Dt« 

n 



O / . 

// 

// 

1360 

1.67666 

168 56.13 

- 46.613 

2009.05 

1600 

1.67500 

171 12.84 

- 46.761 

2006.92 

1850 

1.67340 

173 29.68 

- 46.838 

2004.79 

2100 

1.67187 

175 46.63 

- 46.847 

2002.66 

2350 

1.67039 

178 3.50 

- 46.789 

2000.52 


Centennial precessions for tropicjal centwies. 



In longitude — 


la Right 

Year, 

Lunisolar 

Planetary. 

Genei al 

Ascension. 


// 

// 

// 

// 

1350 

5033.58 

- 20.94 

5012.64 

4592.41 

1600 

5034.80 

- 16.63 

5018.17 

4599.38 

1850 

5036.02 

- 12.31 

5023.71 

4606.36 

2100 

5037.25 

- 7.98 

5029.27 

4613.35 

2350 

5038.49 

- 3.67 

5034.82 

4620.32 


Froth these values we have the following general expres- 
sions : 


Annual precession in Eight Ascension; 
j4(.nnual precession in longitude; 
Centennial precession in longitude; 
Total precession from 1850; 


// // 

4C.0636 + 0.0279 T 
50.2371 + 0.0222 T 

5023.71 + 2.218 T 

6023.71 T + 1.109 T“ 


Mean obliquity of the ecliptic. 


101. The expression for the mean obliquity when T is counted 
from 1900 is— 


e = 23° 2V 8".26 - 46".845T - 0".0069 T^ + 0".00181 T^ 
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Tables of the mean obliqmty at diferent epochs 


Year 

Obliquity 


0 / // 

1600 

23 29 28 09 

1650 

29 5 31 

1700 

28 41 91 

1750 

28 18 51 

1800 

27 55 10 

1850 

27 31 68 

1000 

27 8 26 

1950 

26 44 84 

2000 

26 21 41 

2050 

25 57 98 

2100 

23 25 34 56 


Year Obliquity 


O / // 


r- 

2500 

23 

58 

44 

00 

— 

2000 


55 

38 

99 

— 

J500 


52 

23 

10 

— 

1000 


48 

57 

70 

— 

500 


45 

24 

14 


0 


41 

43 

78 

+ 

500 


37 

57 

97 


1000 


34 

8 

07 


1500 


30 

15 

43 


2000 


26 

21 

41 


2500 

23 

22 

27 

37 


Belatae posiUons of the equator and ecliptic at diferent dates 

102 The motions expiessed in the pieceding tables are, foi 
the most part, purely instantaneous ones, lefeired to the planes 
of the ecliptic and equatoi of each separate epoch For the 
reduction of the places of the fixed stars fiom one epoch to 
another, it is necessary to know the relative position of the 
planes of the equator or ecliptic at the two epochs We shall 
theiefore derive the fundamental quantities which express 
the position of the equatoi and the ecliptic at any one epoch 
relatively to their positions at a fundamental epoch taken at 
pleasuie The lattei we shall call zero position Then, the 
zero equator and ecliptic aie those of the fundamental eiioch, 
the equator and ecliptic simply those of any othei varying 
epoch So fai as convenient, and as conducive to ease in 
comparing our results with former ones, we shall use the nota 
tion of Bessel 

To derive the equations foi the motions, let us consider the 
following four points of the celestial spheie 

Bo, the pole of the zero ecliptic 
B, the pole of the actual ecliptic 
Po, the pole of the zero equator 
P, the pole of the actual equator 
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We put, 

£t =PEo, tlie obliquity of the equator to the zero ecliptic; 

k =BEo, the inclination of the two ecliptics; 

JJo, the longitude of the node of the ecliptic on the zero 
ecliptic, measured from the zero equinox of the date; 

ill, the longitude of the same node, measured from the actual 
equinox ; 

A, the arc of the equator intercepted between the two eclip- 
tics, or the planetary precession on the equator ; 
the total lunisolar precession on the zero ecliptic firom 
the zero epoch to the actual epoch ; 
the rate of motion of the pole of the equator; 

T, the time, expressed in units of 250 years from the zero 
. epoch to any other epoch. 

The position of the variable point E is defined by the quan- 
tities k and ilo or Hi, which are themselves to be determined 
through the' 

TJ!i#liosition of tlie variable point P is determined by the 
condition that its motion is constantly at right angles to the 
arc EP, and its velocity measured on the arc of a great circle 
is given by the equation 


The positions of the equator and equinox relative to the 
zero equator and ecliptic are then determined by the quanti- 
ties tf} and A. The spherical triangle P Eo E gives the follow- 

sin A _ sin Hi _ sin Ho 
sin k “ sin £i “ sin £ 

Dhfirig a period of several centuries the quantities k and X are 
so dihall that no distinction is necessary between them and 
their sines. We may therefore put 

A = sin H^ cosec £i = Zc sin Ho cosec £ (b) 

We also have, fcom the law of motion of the pole of the 
equator, 

Bt £i = n sin A 

Bt^ = n cos A eosec £i ^ ^ 
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As tlie value of does not change by 0" 6 from one epoch to 
another, we may, without appieciable enor, use fo ^ol si m the 
formulae (b) and (o) To use these equations, we first obtain A 
and ill from the secular motion of the ecliptic, while n is com 
puted for any epoch from the foimula (a) We then easily 
develop the values of and ^ in poweis of the time by the 
equations (c) The values of n have no leference to any 
special coordinates From the table ot § 100 it will be seen that 
we may put 

n = 2004'^ 79 - 2" 13 r' 
t' being counted from 1850 

To find the value of Hi in each case, we remark that the 
instantaneous values of L given in § 100 show that the instan 
taneous node, or intersections of two consecutive ecliptics, 
moA es with so near an approach to uniformity that we may 
take for the actual node between the ecliptics of any two 
epochs ti and Tz the mean of the instantaneous nodes for those 
two epochs For example, let it be required to find the value 
of ill for the node of the ecliptic of 2100 on that of 1850 We 
have 

O / 

For 2100 L = 175 46 03 

For 1850, referred to eq of 2100 L = 176 59 13 

Concluded value of iTi ili = 176 22 9 

As the basis of our work we have computed the required 
quantities for the zero ecliptics of 1600, 1850, and 2100, 
respectively The values of Ic and ili for the ecliptics of two 
hundred and fifty years before and after these epochs are as 
follows 


Zero epoch 

— 250Y 

+ 2S0Y 


n, 

k 

n, 


// 

0 / 

// 

0 / 

i6oo 

— 118 48 

168 20 0 

-fii8 07 

174 S 9 

1850 

— I iS 07 

170 36 7 

+ IJ7 64 

176 22 9 

2100 

— 117 64 

172 53 4 

+ 117 23 

178 39 9 
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Oliangmg the unit of time to two liundred and fifty years, 
the equations {a) (ft) and (c) give the following values of the 
derivatives of fi and ip : 




Zero-epoch. 

— 250Y 

+ 260Y 

— 250 Y 

+ 260Y 


// 

// 

// 

// 

1600 

~ 1.4636 

+ 0.7400 

12600.33 

12573.66 

1850 

- 1.1768 

+ 0.4527 

12603.44 

12576.66 

2100 

- 0.8898 

+ 0.1666 

12606.67 

12679.71 


At the respective epochs Drfii vanishes, and Drip has the 
values of theluiiisolar jxrecession in longitude (§ 100). 
Developing in powers of r we have- the following results : 

Zero-epoch. o / // n r/ 

1600; £i = 23 29 28.69-+ 0.5509 - 0.1206 r= 

1860; £i = 23 27 31.68 + 0.4074 - 0.1207 

2100; £i = 23 26 34.56 + 0.2641 - 0.1200 



*)ffi^;;ya<lqes of «1 and ip completely fix the position of the 
equ^r ai the time t relative to the zero ecliptic and eiiuinox. 
For the reduction of coordinates from one epoch to another 
we must express the position of the equator at the time r. We 
fhOhsider the triangle P Eo Po, of which the sides and opposite 
angles are designated 

Sides, £o fi d 

Opposite angles, 90° — C 90° — Ci ip 

If, in the G-anssian relations between the parts of this triangle, 
we put 

sin i {Si -so) = i (£i - £o) = iz/f 
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tan J (C + Cl) ~ oos J (fi + ^o) tan ^ ^ 
tan ^ (C — Cl) = 2 sm J (Ti + Sq) tan J ip 


If we develop the differences between the tangent and the 
arc we find from these equations 


C + Cl = ^ cos i (ei + So) (1 + ^'in^ So) 


C-Ci = 


2 J £ 


ip sm J (£i + £o) 


(1 - A (4 + r)) 


where we put Zo for the approximate value of C — Ci 
For the inclination 8 of the mean equator of the epoch r to 
the zero equator, we have the equation 


cos C 


and then, by developing m powers of 0 and ?/, we find 


0 Sin CO 1,0 o \ 

^ = cos r (l-i^'cos^fo) 

= sm £o (1 + ^ C^) (1 — i ^P^ cos^ £o) 


We thus find 


Zero epoch 

// 

// 

// 

IbOO, C + Ci 

= 11543 70 r 

-612 

T* + 0 67 

1850, 

11549 44 

- 6 14 

+ 0 57 

2100, 

11555 12 

- 61G 

+ 0 58 


// 

// 


1600, C-Ci 

= 45 29 r 

-9 92 

+ 

1850, 

33 53 

-9 93 


2100, 

21 7C 

-9 94 



// 

ff 

// 

1600, e 

= 5017 30 T 

- 2G6 

— 0 64 

1850, 

5011 97 

-2G7 

- 0 64 

2100, 

500G G4 

-2 67 

-0 65 


To show the significance of the preceding quantities, con 
sider once more the spherical quadrangle Po Eo EP Let these 
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letters represent tHe positions of the poles on the celestial 
sphere at any two epochs. In this quadrangle we shall have 

Angle Bo Po E = 90° ~ Qi 
Angle E P Po = 90° — C + A 
SidePoP = 6' 

Let S be the position of a star on the celestial sphere. Its 
polar distances at the two epochs will be Po S and P S and its 
Eight Ascensions will be determined by the angles Po and P 
of the triangle S Pq P. 

Thus, if the Eight Ascension and Declination of S are given 
for one epoch, we can find it for the other epoch by the solu- 
tion of the triangle S P Po when we have given the values of 
the quantities 6 , C,, and C + A. 

To find the values of these quantities from the preceding 
formula, let T be the zero-epoch, expressed in calendar years, 
and let r be the interval between the two epochs, taken posi- 
tively when the zero-epoch is the earlier one, and negatively 
when it is the later one. W e interpolate the coefficients of t 
and its powers from the preceding formula to the epoch T. 
Then by substituting the value of r in the formula we shall 
have the values of the required quantities, and hence the data 
for reducing the position of S from one epoch to the other. 

O 




